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Abstract—A hierarchical access setup is considered, where sec-
ondary users can (re-)use frequency bands allocated to licensed
systems, provided ongoing primary communications are not
overly disrupted. Since conventional spectrum sensing schemes
can detect and localize “active” sources but not “passive” users,
the number of primary receivers and their locations are generally
unknown. Supposing a minimal coordination between primary
and secondary systems, a novel method for unveiling areas where
primary receivers are located is proposed in this paper. The
primary system broadcasts short messages - here refereed to as
“interference tweets” - indicating the number of receivers that
are interfered. Using these tweets, together with a grid-based
discretization of the primary coverage region, the locations where
receivers are likely to reside are obtained by solving a sparse
linear regression problem. Subsequently, the estimated locations
are used to optimize resource allocation of the secondary network
operation under interference constraints.

Index Terms—Cognitive radios, underlay access, receiver lo-
calization, sparsity.

I. INTRODUCTION

Cognitive radio (CR) technologies hold significant potential
to address spectrum scarcity for wireless networks, which
is primarily due to rigid and exclusive spectrum licensing
policies. Using sophisticated sensing and resource allocation
(RA) techniques, secondary users (SUs) can (re-)use spectral
resources allocated to licensed systems, provided no disruptive
interference is caused (or inflicted) to primary users (PUs) [1].

As in conventional wireless setups, acquiring the (statistics
of) SU-to-PU channel gains is key for protecting PUs from
co-channel interference [2]-[4]. However, since PUs have
generally no incentive to use spectral resources to exchange
channel training signals with SUs [1], training-based channel
estimation cannot be employed to estimate the SU-to-PU
channels. Furthermore, since conventional spectrum sensing
techniques can detect and localize active PU sources, but not
passive users, even the locations of PU receivers are generally
unknown. Uncertainty in the PU receiver locations translates
here into imperfect knowledge of the channel distributions.

A novel method for unveiling areas where PU receivers
are located is proposed in this paper, based on a minimal
information exchange between PU and SU systems. Specif-
ically, it is assumed that the PU system broadcasts short
messages — referred to as interference tweets — to indicate the
number of interfered PUs. Although most existing CR sensing
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approaches assume no collaboration from the PUs [1], it has
been demonstrated that this minimal SU-PU interaction can
yield major improvements in spectrum (re)use efficiency [5].
The interference tweets are exploited to estimate the average
rate of interference per SU. With these quantities, and upon
employing a grid to discretize the primary coverage region, the
localization task is cast as a sparse linear regression problem,
where the vector of unknowns collects the probabilities of a
PU receiver being located at a grid point. A similar setup was
recently considered in [5], where a Bayesian estimator was
used to estimate the receiver locations. Compared to [5], the
information carried by the tweet is different, and the number
of PU receivers is not known a priori. Since the optimum
Bayesian recursive estimator designed in [5] is not tractable
for the present setup, developing low-complexity receiver-map
estimators is well motivated.

The effectiveness of the proposed PU receiver localization
scheme is assessed for an underlay CR network where SU
transmissions are scheduled based on i) SU-to-SU instanta-
neous channels; ii) the received interference tweets; and, iii)
the PU receiver map obtained through the proposed localiza-
tion method.!

II. PRELIMINARIES AND SYSTEM MODEL

Consider a secondary network with M nodes {U,,}M_;
deployed over an area A C RZ, and assume that SUs share
a flat-fading frequency channel with an incumbent PU system
in an underlay setup [1]. Based on the output of the spectrum
sensing stage, SUs implement adaptive RA to maximize net-
work performance, while protecting the PUs from excessive
interference; see e.g., [2]-[5]. Secondary transmissions are
assumed orthogonal, and a binary scheduling variable w,, (t)
is used to indicate whether SU U, is scheduled to transmit at
time ¢ (wy, (t) = 1), or not (wy, (t) = 0). If active at time ¢, SU
U,,, loads a power p,,(t), which, for simplicity, is constrained
to belong to a finite set P,,, := {pl, }=, (discrete modes).

Suppose that PU transmitters communicate with ¢ PU
receivers geolocated at {x? € A}qul, and let h,, x« denote
the instantaneous channel gain between U,, and position
x?. Fading processes {h, xq} are mutually independent, and

!Notation: (-)7 stands for transposition; Eg[-] denotes expectation with
respect to the random process g; Pr{A} the probability of event A; z* the
optimal value of x; Iy} the indicator function (Ij;} = 1 if z is true, and
zero otherwise); and, [x]% the projection of the scalar = onto [a, b]; that is,
[#]% := min{max{z,a}, b}.
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their distributions are assumed known to the SU network.
Thus, given the maximum instantaneous interference power
I tolerable by the PUs, the secondary network can determine
the interference probabilities at each location x?. In case of
Rayleigh fading, one has that Pr{p,,(t) hm xa > Iwn(t) =
1} = e 1/eMrmxa) | where v = Ep[hm,xa] is the
average path loss between U, and PU receiver q.

Let 22 be a binary variable indicating whether PU receiver
q is located at x € A, and consider discretizing the PU
coverage region to obtain a set of G (possibly regularly spaced)
grid points at known locations G := {g;}$ ; [5]. Clearly, if
variables {221} were known, and PU ¢ was located at one
of the grid points, the é:)robability of SU U, interfering PU
receiver ¢ would be Y e~ 1/ @m(t)ym, gl)zg To account for
uncertain locations, the probablhtles (beliefs) Pr{zq 1} are
considered. Those will be also referred to as receiver maps.
Moreover, to account for the PU receiver’s presence off the
preselected grid points a “spill over” region collecting grid
points around the actual location of PU ¢ [6] is introduced.
With G(") denoting the grid points in this spill over region,
it readily follows that Pr{zZ 1} > 0 for g; € G,
and Pr{z{, = 1} = 0 otherwise [6]. Using these notatlonal
conventions, we proceed to formulate our linear observation
model. With ¢? denoting a binary variable taking the value 1
if PU receiver ¢ is interfered, and supposing that SU U, is
scheduled to transmit with power pm(t) = pl,, define the coef-

e #mimsi  Then, the probability of interfer-
Hwpm () = L, pm(t) =
P} = 21:1 bm.ig Pr{zd, = 1}. Upon marginalizing the
transmit power, let us define yg, := Pr{i? = l|w,(t) = 1}
and, summing across PUs, y,,, := > ys,. The former can be
viewed as the long-term probability of SU m interfering PU
q, while the latter can be viewed as the average number of
PUs the SU m interferes. Considering now the coefficients
Om.g; = ZPE’Pm ®m, .. Pr{pm = p}, variables y,, can
be written as a function of the beliefs via the linear model
Ym = Zqul ZqQ:1 Gm.g Pr{zd, = 1}.

The next section will leverage the linear relationship and
the values (estimates) of y,,, and ¢,, g, to obtain the receiver
maps. A simple alternative to acquire ¢, g,, iS to run the
following online averaging

<Zwm )) Zwm(T)e_m. (1)
T=1

Similarly, the value of y,, can be acquired by averaging the
interference tweets (details will be given in the next section).
In both cases, an exponentially weighted moving average
(EWMA) strategy could be employed to track slow time-
varying channel and power statistics.

ficient ¢m, 1.g, ==
ing PU receiver ¢ is y?, 1= = Pr{i? =

.z (

III. SPARSITY-AWARE RECEIVER LOCALIZATION

The objective is to develop an estimator for the receiver
maps (beliefs), based on a minimal interplay between PU and
SU systems. Towards this end, the grid G will be partitioned
into R clusters {G(")}_, | satisfying the following conditions:
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) UL, 6" =G; and, ii) G NG = 0 for all r # s. Two
main assumptions are considered for designing the estimator:
(asl) At each time instant ¢, the PU system broadcasts the
message o(t) € N\{0} indicating the number of PU receivers
that were interfered (if any).

Different from [5], neither the number of PUs nor the specific
PU receivers that were interfered are assumed known.

(as2) At most one PU receiver is located within area G(™).

In practice, (as2) can be easily satisfied by selecting a dense
grid, and sufficiently small clusters {G(")}2 | [6], [7]. The
premise for this partition is that Q < R, Wlth the clusters
{GM}E | representing the “spill over” regions mentioned in
Section II (see also [6]). Notice further that clusters were
supposed non-overlapping. A scenario with overlapping clus-
ters does not require major changes in the formulation, but
it substantially increases the computational complexity of the
localization algorithms; see Section IV. This issue will be the
subject of future research.

Under these assumptions, the problem of acquiring
Pr{z9(g;) 1} is not identifiable (the user index is
never revealed). For this reason, the alternative receiver maps
Pr{z(")(g;) = 1} are considered. Those represent the prob-
ability that a PU receiver is located at location g;, with
g; € G1"). Note that if a PU receiver is actually located within
the area G("), then Pr{z(")(g;) = 1} > 0 for (some of) the
points g; € G, If no PUs are located within G(™), then
Pr{z("(g;) =1} =0, for all g; € G(").

Using (as2), y,, can be written as a linear function of the
new probabilities Pr{z(")(g;) = 1} via

R
Ym = Z Z ¢m,g¢Pr{Z(r)(gi) =1}

r=1 Z“gigg("')

2

The values of ¢,,, &, can be acquired using (1). Similarly, lever-
aging (asl), SU U, can utilize the accumulated interference
tweets {o(7)}._; to quantify the average number of PU users
that were interfered by its transmissions; that is,

)= <Z Wm (T)) Z o(T)wy, (7).

T=1

3)

The idea now is to use the values of ¢, (¢) and gzgmygi (t)
to estimate, at time ¢, the receiver maps. To this end,
let B be a |G| x 1 vector collecting the beliefs
Pr{="(gi) = 1} for g € G0); Bl
ing the regressors @, g, (t) for g; € G [cf. (D]; and
define vectors 3 := [(B)7T,..., (BT and ¢,,(t) :=
(1)(t))T7 (@D (1))T]T. With these notational conven-

[(¢’Vﬂ

tions, (2) can be written as §,,,(t) = ZT 1(¢f;)( NT B =
()T B + em(t), where e,,(t) stands for the errors in
the estimate of the average interference rates {4, (¢)}. Upon
defining vectors y(t) = [91(t),..., 9 (t)]" and e(t) :
[e1(t), ..., ear(t)]T and matrix ®(t) := [p,(t), ..., P ()],

(t) a vector collect-
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the following linear model holds?
y(t) = ()8 + e(t). @)

For dense grids, one has that M < G, and thus (4) is an
under-determined system of linear equations. Nevertheless,
since the number of grid points G can be much higher than
the PU receivers (i.e., R < ), the vector of unknowns 3
is inherently sparse. Specifically, group sparsity [8] emerges
from the employed grid-based model, since the entries of a
sub-vector ,8(7') are all zeros if no PU receivers are located
within area G(*); and, 8" # 0 otherwise. Though, using
a sufficiently dense grid, a PU receiver may be located in
proximity to a point g; C G(); this implies that sparsity
emerges also at an entry-level, since only a few of the entries
in ") may be nonzero.

The so-called sparse group Lasso (SG-Lasso) [9], [10]
provides a parsimonious model estimate, where sparsity is
accounted for both at the group- and at the single-coefficient
levels. To this end, the conventional least-squares (LS) cost
is regularized with the sparsity-promoting terms A; ||3||1 and
I (8) == Ao Zle 8|2, where A; and Ay are tuning
parameters. Thus, taking also into account the non-negativity
of 3, the vector of beliefs can be estimated by solving the
following sparse linear regression problem?:

B(t) :=arg rﬁn;l)

1. . 2
5 [0 =208+ 9.8 + 1128, )
Given 3(t), the number of PU receivers is given by Q = |{r :
BZ-(T) > 0}|, whereas their locations are estimated as [6]:

quieg(r) giBi(T)(t)
Sigicgm B (1)

In principle, a constraint ngm ‘,B(T) < 1 could be added per
cluster 7, to ensure that the probability of a PU receiver being
within G() does not exceed 1. However, the very same effect
can be obtained by properly adjusting Ay, or by replacing
A1 1gﬁ with its weighted counterpart ) )‘Mllzm ‘6(” fora
set of properly chosen coefficients {Aq .} [12, pp. 241-249].

Problem (5) can be conveniently re-formulated as a sec-
ond order cone program (SOCP), and thus efficiently solved
via standard interior point methods. However, a reduced-
complexity algorithm attaining the optimal solution of SG-
Lasso problem will be developed in the ensuing section, using
the Alternating Direction Method of Multipliers (ADMM) [13,
Sec. 3.4]. But first, a remark is in order.

(1) =

(6)

2 Although originally ¥, and ¢m,g; were power dependent (i.e., Y, ; and
®m,l,g;)» Power was marginalized and, hence, the power level index [ was
dropped. Clearly, the model in (4) also holds if the power dependence is
restored. This would imply that the number of rows of y(¢) and ®(¢) would
be L times larger, increasing the computational complexity.

3Matrix <i>(t) is in general uncertain, since it collects estimates of the
probabilities {¢pm,g; } [cf. (1)]. To account for possible non-negligible model
mismatches, the sparse total least-squares (TLS) framework proposed in [11],
and further extended in [10] to the case of hierarchical sparsity, can be
naturally employed here too.
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A. ADMM-based solver

Consider introducing an auxiliary vector variable =, and
reformulate (5) as follows [9], [10]:
1IN - 2
min o Hy(t) —‘M)ﬂH +on() + 1Ty (Ta)
»7”6>0 2 2

subject to B =-. (7b)

Indeed, constraint (7b) renders problems (5) and (7) equiv-
alent. Letting z denote the Lagrange multipliers associated
with the equality constraint (7b), the quadratically augmented
Lagrangian function of (7) is

R
£(8,7.7) 1= [5(0) ~ 08|+ 20 3 7 + 21Ty
r=1

+27(B=9)+5 18-l ®)

where ¢ > 0 is an arbitrary constant [13]. Then, with
k € N denoting the iteration index, the ADMM cyclically
computes: i) Bk + 1) = argming,_, L(B,~v(k),z(k)); ii)
v(k + 1) = argminy L(B(k + 1),v,z(k)); and, iii) the
Lagrange multiplier vector z updates as z(k + 1) = z(k) +
¢ (BUk+1) —y(k +1).

Function £(3, 7, z) is quadratic in 3, and thus the first step
of the ADMM boils down to the following update.
-1

[S1 Bk +1) = | («i:T(t)q%(t) + o)

< (&7 Wy — 2+ ev)) | " ©

Next, notice that minimization of the Lagrangian (8) with
respect to (w.r.t.) v can be split into R SOCPs, one per sub-
vector ("), Thus, by computing the subdifferential of (8)
w.rt. 4, it can be shown that the second step of the
ADMM amounts to the following nested soft-thresholding
operations [9]:

[S2] v (k+1) =

O W=
aroms Uell = Xe]g s @2 >0
with '
p =T, (00) + e84+ 1)) (1n)
and Ty, (z) = [sgn(z1)[z1] — Ml4,....sgn(en)[zn| —

A1]4]T. The soft-thresholding operation (11) accounts for the
sparsity at a single-coefficient level, whereas (10) enforces
group sparsity in y(k + 1).

Finally, the following dual update is performed.
[S3] zlk+1)=z(k)+c(Bk+1)—~k+1)).
B. Map-cognizant RA

The estimated beliefs 3(t) and locations {%(")(¢)} are used
as inputs to optimize the SU network operation. Since the
focus of this paper is on the receiver map estimation task,
the considered RA scheme is just outlined next; details can

be found in e.g., [4], [5]. Under fairly general conditions, the
optimal resource allocation at time ¢ amounts to maximizing

(12)
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Fig. 1.

a functional Ucg(t) := Usy(t) + Upy(t), where Ugy (t) and
Upy (t) are the utilities for the SU and PU networks, respec-
tively. With an orthogonal access, utilities can be re-written as
UCR(t) = Zm wm(t) (USU,m(t |p'm (t)) + UPU,'rn(t |p'm (t)))
Then, it can be shown that, at time ¢, the optimal p, ()
for SU m is p}, () = argmax,, (ep,. (Usum(t |[pm(t)) +
Upu,m(t [pm(t))), while the optimum scheduling is w};, ()
Lif m = argmax; (Usv,(t [p(t)) + Upua(t [p(t))) and
wi (t) = 0 otherwise. A widely used alternative is to set
Usv,m(t [pm(t)) = pmTm (t)+ mPm (t), where the rate ry, (¢)
and power p,, (t) are the resources and p,, and 7, their corre-
sponding prices. When probability-of-interference constraints
must be guaranteed [2], Usym(t |pm(t)) takes the form
A, Pr{i? = lwn(t) = 1,pn(t)}, where A denotes the
Lagrange multiplier associated with the interference constraint
[4], while the dependence of Pr{i? = 1|wy,(t) = 1, pm(t)} on
{Pr{zg, = 1}} was explicitly written when defining 1 g,

IV. PRELIMINARY RESULTS

Consider the scenario depicted in Fig. 1(a), where M = 12
SU transceivers (marked with green circles) are deployed over
an area of 400 x 400 m. A PU transmitter communicates with
@ = 2 PU receivers (marked with blue circles). Notice that
both receivers are off the grid. The PU system is protected by
setting / = —70 dB and ¢™®* = 0.05. The path loss obeys
the model vy, x = [|xm —X||5 35 while a Rayleigh-distributed
small-scale fading is simulated. The SU network setup, as well
as the RA parameters are the the ones considered in [5]. The
PU coverage region is discretized using 138 uniformly spaced
grid points (marked with squares), each one covering an area
of 15 x 15 m. Further, the grid is partitioned in R = 10
clusters. Parameters A\; and A, in (5) are set to 0.08 and 0.01,
respectively.

The localization error d(x(™), %) := /(x(M)2 — (x(1)2
per PU receiver is quantified in Fig. 1(b), and it is compared
to the one achieved when using the Bayesian estimator of [5].
Notice that the Bayesian scheme assumes that the PU system
broadcasts a binary message indicating whether at least one
receiver is interfered. Furthermore, since the Bayesian scheme
requires an estimate of the number of PU receivers, it is
assumed that 2 receivers are present. From Fig. 1(b), it can
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(a) Considered scenario. (b) Evolution of the localization error d(x ("), fc(”). (c) Receiver map at ¢ = 1000.

be seen that the proposed localization scheme outperforms
the Bayesian method; in fact, the localization error incurred
by (5) is around 6 meters for both receivers, while the Bayesian
method yields an error of 15 meters for PU ¢ = 1.

Pictorially, performance of the receiver localization scheme
can be assessed through the maps shown in Fig. 1(c). The
value (color) of a point in the map represents the belief Bl(t)
at the corresponding grid point g; € G. Fig. 1(c) shows that,
through interference tweets, it is possible to unveil the areas
where PU receivers are likely to reside.

Future research will deal with mobile PU receivers and time-
varying PU activities.
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