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ABSTRACT

In the array signal processing research, estimation of the direction-
of-arrival (DOA) of the transmitted source signal has long been of great
interest and plays an important role in both civilian and military applications
such as radar, sonar, geophysics, acoustics, bioengineering, seismology,
multimedia, radio astronomy and wireless communication. Non-uniform
linear array (NULA) design, also known as the sparse linear array (SLA)
design has been developed for DOA estimation considering the limitations
seen in the uniform linear array (ULA) design. The SLA design can attain a
large effective array aperture with fewer array elements and also mitigates the
influence of mutual coupling effects between array elements. Recently, the
co-prime linear array (CLA) design has gained considerable research interest
among several SLA designs such as minimal redundant array (MRA),
minimum-hole array (MHA) and nested linear array (NLA). However, CLA
designs such as general co-prime linear array (GCLA) and unfolded co-prime
linear array (UCLA) face the critical problem of ambiguity resulting in an
ambiguous estimate of true DOAs. Specifically, GCLA suffers from the
problem of pair-matching ambiguity in subarray domain processing but both

GCLA and UCLA suffer from the problem of grating-angle ambiguity.

This thesis focuses on the key objectives as follows (i) To resolve
the ambiguity problem such as pair-matching and grating-angle ambiguity in
estimating the DOA of the incoming source signals using the GCLA and
UCLA (ii) To achieve a reliable estimation of true DOAs with superior
estimation performances in terms of accuracy, angular resolution and degrees-
of-freedom (DOF) compared to the existing methods (ii) To offer good

generalization and robustness in estimation performance with less



v

computational complexity and execution time compared to the existing

methods.

In the first proposed solution, the true DOASs are distinguished
from ambiguous estimates obtained from UCLA-MUSIC using the estimated
power of the transmitted source signals. Here, the source power function
derived is based on the signal subspace eigenvalues and its associated
eigenvectors to estimate the power of the transmitted source signals. In the
second proposed solution, an improved polynomial rooting-based method for
high-resolution unambiguous DOA estimation is performed. A polynomial
function is derived based on the orthogonality between the noise subspace
eigenvectors and array directional vectors. A maximum signal power function
Is proposed based on the spatial filtering and second-order differential
counterparts for the selection of the signal roots associated with the true
DOAs over the ambiguous roots. In the third proposed solution, a
computationally efficient DOA estimation method based on support vector
regression (SVR) is proposed. The ambiguity problem is resolved by treating
DOA estimation as approximating the unknown regression function that maps
the signal subspace eigenvectors with the DOA of the incoming source

signals.

The effectiveness and superiority of the aforementioned proposed
solutions are supported by several standard simulation studies in terms of
estimation reliability, estimation accuracy, angular resolution, computational

complexity, execution time and DOF.



ACKNOWLEDGEMENT

First and foremost, | would like to thank my supervisor,
Dr.N.Venkateswaran, Professor, Department of Biomedical Engineering,
Sri Sivasubramaniya Nadar College of Engineering, Chennai, for always
encouraging, motivating, and mentoring me. This thesis would not have been a
reality without his consistent support and accommodating demeanor. His

affiliation has taught me many great values that I will cherish throughout my life.

| extend my sincere thanks to the doctoral committee members
Dr.Y.V.Ramana Rao, Professor, Department of Electronics and
Communication Engineering, College of Engineering Guindy Campus,
Anna University, Chennai, and Dr.Arun Pachai Kannu, Associate Professor,
Department of Electrical Engineering, Indian Institute of Technology Madras,

Chennai, for their helpful suggestions, comments, and encouragement.

I would like to thank the management of St.Joseph’s College of
Engineering, Chennai and Sri Sivasubramaniya Nadar College of

Engineering, Chennai for their support to carry out my research work.

| would like to acknowledge Ms.Vaddi Lakshmi Satya Sai Sarojnii

and Ms.Sneha Rajan for their support on validation.

I would like to thank my friends and well-wishers for their
support, motivation and encouragement. Finally, I owe my father
Dr.M.Chandrasekaran, my mother C.Usha and my sister C.Arthi for their
unwavering support. Particularly, | am very grateful to my wife K.Gayathri
for being understanding and patient with my predicament throughout the
Ph.D.

ASHOK C



CHAPTER NO.

TABLE OF CONTENTS

TITLE

ABSTRACT
LIST OF TABLES
LIST OF FIGURES

LIST OF SYMBOLS AND ABBREVIATIONS

1. INTRODUCTION

1.1
1.2

1.3
1.4
1.5

DOA ESTIMATION

OVERVIEW OF DOA ESTIMATION
METHODS

OBJECTIVES OF DISSERTATION
CONTRIBUTIONS OF DISSERTATION
OUTLINE OF DISSERTATION

2. AMBIGUITY IN DIRECTION-OF-
ARRIVAL ESTIMATION

2.1
2.2

2.3

2.4

INTRODUCTION

UNIFORM LINEAR ARRAY

2.2.1  Received Signal Model of ULA
2.2.1.1 Concept of spatial

sampling

CO-PRIME LINEAR ARRAY

2.3.1  Received Signal Model of GCLA

2.3.2  DOA Estimation with GCLA

UNFOLDED CO-PRIME LINEAR ARRAY

Vi

PAGE NO.

Xii

XVi

10
11
13

15
15
19
20

23
25
26
28
32



Vil

CHAPTER NO. TITLE PAGE NO.

2.4.1  Received Signal Model of UCLA 33

2.4.2  DOA Estimation with UCLA 35
2.5 AMBIGUITY IN DOA ESTIMATION

WITH GCLA AND UCLA 37

2.5.1  Pair-matching Ambiguity 37

2.5.2  Grating-Angle Ambiguity 43
2.6 CRAMER-RAO LOWER

BOUND (CRLB) 52
2.7 SUMMARY 53

3. AMBIGUITY ELIMINATION METHOD
BASED ON THE ESTIMATION OF

SOURCE POWER 55
3.1 INTRODUCTION 55
3.2 SIGNAL MODEL 55
3.3 PROPOSED METHOD o7
3.4  SIMULATION RESULTS AND

DISCUSSION 61

3.4.1 Estimation Reliability 61

3.4.2  Estimation Accuracy 66
3.5 SUMMARY 69

4, AN IMPROVED POLYNOMIAL
ROOTING-BASED METHOD FOR
HIGH-RESOLUTION UNAMBIGUOUS
DOA ESTIMATION 70
41 INTRODUCTION 70
4.2 SIGNAL MODEL 71



CHAPTER NO.

4.3
4.4

4.5

TITLE

PROPOSED METHOD
SIMULATION RESULTS AND
DISCUSSION

4.4.1 Reliability Comparison
4.4.2  Estimation Accuracy
4.4.3  Angular Resolution
4.4.4  Complexity Analysis
SUMMARY

5 COMPUTATIONALLY EFFICIENT
UNAMBIGUOUS DOA ESTIMATION
BASED ON SUPPORT VECTOR
REGRESSION

5.1
5.2

5.3

5.4

INTRODUCTION

PROPOSED METHOD FOR DOA

ESTIMATION WITH GCLA

5.2.1  Pre-Processing Phase

5.2.2  Training Phase

5.2.3  Testing (Estimation) Phase

5.2.4  Simulation Results and Discussion
5.2.4.1 Estimation Reliability
5.2.4.2 Estimation Accuracy

PROPOSED METHOD FOR DOA

ESTIMATION WITH UCLA

5.3.1  Simulation Results and Discussion
5.3.1.1 Estimation reliability
5.3.1.2 Estimation accuracy

PERFORMANCE ANALYSIS

viii

PAGE NO.

72

76
78
80
82
83
85

86
86

88
90
92
95
96
96
99

102
102
102
104
105



IX

CHAPTER NO. TITLE PAGE NO.

54.1 Complexity Analysis 105

5.4.2  Degrees-of-Freedom (DOF)
Analysis 108
55 SUMMARY 110
6 CONCLUSION AND FUTURE PERSPECTIVES 111
6.1 CONCLUSION OF CONTRIBUTIONS 111
6.2 PERSPECTIVES OF FUTURE WORK 113
APPENDIX 1 115
REFERENCES 123

LIST OF PUBLICATIONS 135



LIST OF TABLES

TABLE NO. TITLE PAGE NO.

2.1 DOA estimation result of the Yang et al.2019

method for the case of M =5 51
3.1 Steps of the proposed method 61
4.1 Processing steps of the proposed method 76
4.2 The proposed method’s DOA estimation result

for case 1 77
4.3 The proposed method’s DOA estimation result

for case 2 78
4.4 Computational complexity comparison 84
5.1 Stepwise processing flow of the proposed method 95
5.2 Computational complexity comparison 106
5.3 Comparison of Execution time 107

Al.l Pair-matching ambiguity in GCLA — Case 1:

6, =10.00° and 8, = 39.11°; N =

11 (N, =5,N, =7);SNR=10dB; K =200 114
Al.2 Grating-angle ambiguity in GCLA - Case 1:

6, =10.00°,6, = 27.35°and 85 = 35.01 °;

N=11 (N, =5,N, =7);SNR =10dB;

K =200 116
Al.3 Grating-angle ambiguity in UCLA - Case 1:

6, =10.00°,6, = 27.35°and 85 = 35.01 °;

N=11 (N, =5,N, =7);SNR = 10dB;

K =200 118



TABLE NO.

AlA4

Al5

Xi

TITLE PAGE NO.

Grating-angle ambiguity in UCLA under closely
distributed sources - Case 1: 8, = 10.00°,6, =

27.35°, 8, =35.01°, 6, =57°, 0s = 62°;

N=11 (N, =5,N,=7);SNR = 10 dB;

K =200 120
Grating-angle ambiguity in UCLA under closely
distributed sources - Case 2: 6, = 12.37°,0, =

28.00°, 6, = 32.00°, 6, = 37.92°, O; =

64.16°; N =11 (N, =5,N, =7) ; SNR

= 10dB; K = 200 121



Xii

LIST OF FIGURES

FIGURE NO. TITLE PAGE NO.

2.1 Design of ULA 20
2.2 System model of ULA 20
2.3 Design of GCLA 26
2.4 System model of GCLA 27
2.5 Design of UCLA 33
2.6 System model of UCLA 34
2.7 The problem of pair-matching ambiguity in

GCLA: (a) Subarray 1 MUSIC Spectrum
(b) Subarray 2 MUSIC Spectrum

(c) Pair-matching error diagram 40
2.8 Geometric view of grating-angle ambiguity 43
2.9 Gram matrix of ULA

(Nyra = 11 with dy, = 2) 45
2.10 Gram matrix of UCLA (N = 11i.e.,N; =5

and N, = 7with d; = 72and d, =5%) 45
211 The problem of grating-angle ambiguity in

GCLA for the case of M = 3 47
2.12 The problem of grating-angle ambiguity in

UCLA for the case of M = 3 48

2.13 The problem of grating-angle ambiguity in
UCLA for the case of M =6 49



FIGURE NO.

2.14

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10
4.1

4.2

4.3

TITLE

(@) The UCLA-MUSIC spectrum for the case of

M =5 (b) The CBF power spectrum for the
caseof M =5

Estimation reliability of the Zheng et al. 2018
method for the case of M = 3

Estimation reliability of the He et al.2020
method for the case of M = 3

Estimation reliability of the proposed method
for the case of M = 3

Estimation reliability of the Zheng et al. 2018
method for the case of M = 6

Estimation reliability of the He et al.2020
method for the case of M = 6

Estimation reliability of the proposed method
forthecaseof M = 6

RMSE versus SNR for the case of M = 3
RMSE versus SNR for the case of M = 6
RMSE versus snapshots for the case of M = 3
RMSE versus snapshots for the case of M = 6
Reliability comparison for case 1:

(@) Zheng et al.2018 method (b) He et al.2020
method (c) Proposed method

Reliability comparison for case 2:

(@) Yang et al.2019 method (b) Huang et al. 2021
method (c) Proposed method

(a) RMSE comparison versus SNR (b) RMSE

comparison versus the number of snapshots

51

62

63

63

64

65

65

67

68

68
69

79

80

81

Xiii

PAGE NO.



FIGURE NO.

4.4

4.5

5.1

5.2

5.3

5.4

5.5

5.6

5.7

Xiv
TITLE PAGE NO.

Resolving probability comparison versus

angular separation 83
(a) Complexity comparison versus the number

of array elements (b) Complexity comparison

versus the number of snapshots 84
Reliability comparison in pair-matching

ambiguity case: (a) Zhou et al.2013 method

(b) Proposed method 97
Reliability comparison in grating-angle

ambiguity case: (a) Zheng et al. 2018 method

(b) Yang et al. 2019 method (c) Proposed

method 99
Estimation accuracy in pair-matching ambiguity

case: (@) RMSE versus SNR (c) RMSE versus

the number of snapshots. 100
Estimation accuracy in grating angle ambiguity

case: (b) RMSE versus SNR (d) RMSE versus

the number of snapshots 101
Reliability comparison in grating-angle

ambiguity case: (a) Yang et al.2019 method

(b) Proposed method 103
Estimation accuracy in grating-angle ambiguity

case: (a) RMSE versus SNR (b) RMSE versus

the number of snapshots 105
Computational complexity comparison:

(@) Number of complex multiplications versus

the number of array elements (b) Number of

complex multiplications versus the number of

snapshots 108



FIGURE NO.

5.8

TITLE

Degrees-of-Freedom (DOF) comparison:

(@) Zhou et al.2013 method (b) Zheng et al.
2018 method (c) Yang et al.2019 method (d)
Proposed method

XV

PAGE NO.

109



XVi

LIST OF SYMBOLS AND ABBREVIATIONS

AdS - Adjoined Subarray
AdS-MUSIC - Adjoined Subarray- Multiple Signal Classification
AB - Angular separation

= - Approximately equal to

AR - Autoregressive

€ - Belongs to

B5G - Beyond Fifth Generation

Card (.) - Cardinality of the set (.)

CAl - Classical Array Interpolation

CBF - Classical Beamformer

CCl - Co-Channel Interference

()HH - Conjugate Transpose of a VVector or Matrix (.)
CMA - Constant Modulus Algorithm

CACIS - Co-Prime Array with Compressed Inter-Element Spacing
CADIS - Co-Prime Array with Displaced Subarrays
CRLB - Cramer-Rao Lower Bound

dB - Decibel

DOF - Degrees-of-Freedom

diag {.} - Diagonal Matrix formed from the elements of {. }
DSP - Digital Signal Processor

0 - Direction Angle

DF - Direction-Finding

DOA - Direction-of-Arrival

DFT - Discrete Fourier Transform



6z

DECOM

¢

~

EVD
ES-ESPRIT

®
ESPRIT
(!

FSD
FCC
FOV
5G

A4

FD
FDWLS
GCLA
HAD

. [
~~ —

loUT
ISI

Ok
ILSP-CMA

KKT

XVil

Discrete Root Interval

DOA Estimation with Combined MUSIC for Coprime Array
Does Not Belongs to

Eigenvalue

Eigenvalue Decomposition

Equirotational Stack - Estimation of Signal Parameters via
Rotational Invariance

Estimate of a VVector or Matrix (.)

Estimation of Signal Parameters via Rotational Invariance
Factorial of (.)

Fast Subspace Decomposition

Federal Communications Commission

Field-of-View

Fifth Generation

For every

Fourier Domain

Fourier Domain Weighted Least-Squares

General Co-Prime Linear Array

Hearing Aid Devices

Identity Matrix

Imaginary Part of (.)

Inner Product

In-Phase

Internet of Underwater Things

Inter-Symbol Interference

Inverse of (.)

Iterative Least Squares Projection - Constant Modulus
Algorithm

Karush — Kuhn — Tucker



LP
L[A]
LCMV

max
ME

ML
E()
MSE
MRA
min
MVDR
MHA
)
MIMO
MUSIC
MI-ESPRIT

NLA

NLA
-1l
PHD
P-SVR
QP

XViii

Kernel Parameter

Lagrange Multiplier

Limit of allowable error

Linear Prediction

Linear subspace spanned by the columns of A
Linearly Constrained Minimum Variance
Matrix

Maximum

Maximum Entropy

Maximum Likelihood

Expectation operator

Mean-Square Error

Minimal Redundant Array

Minimum

Minimum Variance Distortionless Response
Minimum-Hole Array

Modulo Operator

Multiple Input Multiple Output

Multiple Signal Classification
Multiple-Invariance - Estimation of Signal Parameters Via
Rotational Invariance

Nested Linear Array

Noise Power / Variance

Non-Linear Transformation Function in SVR
Non-Uniform Linear Array

Norm of (.)

Pisarenko Harmonic Decomposition
Propagator-Support Vector Regression

Quadratic Programming



RBF
RBFNN
RADAR
RAKE
RF

R ()
RMSE

SNol
Sol
SNR
SONAR
SLA
SDMA

a

N N

SVR

)’
UCLA
UCLA-
MUSIC
ULA

Quadrature

Radial Basis-Function

Radial Basis-Function Neural Network
Radio Detection and Ranging
Rank Reduction Estimator

Radio Frequency

Real Part (.)

Root Mean Square Error

Scalar

Set of all Complex Numbers

Set of all Real Numbers
Signal-Not-of-Interest
Signal-of-Interest
Signal-to-Noise Ratio

Sound Navigation and Ranging
Sparse Linear Array

Spatial Division Multiple Access
Speed of Light

Subset of

Subset of or Equal to

Support Vector Regression
Hadamard Product

Time Delay

Transpose of (.)

Unfolded Co-Prime Linear Array
Unfolded Co-Prime Linear Array - Multiple Signal
Classification

Uniform Linear Array

Union

XIX



WAI

Vector
Wavelength

Wiener Array Interpolation

XX



CHAPTER 1

INTRODUCTION

In the last few decades, sensor array systems have gained
considerable attention wherein the set of sensors is positioned in a specific
configuration. It spatially captures the propagating signals from different
sources in the field-of-view (FOV) and extracts the desired information from
the observation in the presence of noise and interference (Manikas 2004).
Sensor array systems are greatly supported by array signal processing
techniques for its accomplishment. It processes the signals received by an
array of sensors and brings out an estimation of the source signal parameters
such as power, frequency and location based on the temporal and spatial
characteristics. A combination of communication systems and array signal
processing methods has been developed into a well-established technology.
This technology is transitioning from traditional direction nulling phase arrays
to sophisticated super-resolution spatiotemporal arrays. The MIMO array
systems and arrayed wireless sensor networks use the channel's spatial and
temporal features for handling multipath that improves the capacity and

spectral efficiency (Liao et al.2018).
1.1 DOA ESTIMATION

In the research community of sensor array signal processing,
estimation of the DOA of the source signals has long been of great interest in
both civilian and military applications (Krim et al.1996). DOA estimation is
an important problem seen in radar, sonar, geophysics, acoustics,

bioengineering, seismology, multimedia, radio astronomy and wireless
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communication. It finds applications in target localization and tracking in
electronic warfare systems (Joshi et al. 2022), emergency rescue assistance,
speech enhancement in hearing aid devices (HAD) (Tokgoz et al. 2021,
Dehghan Firoozabadi et al. 2020), brain source localization (Albera et al.
2008), electronic surveillance, navigation, geophysical exploration, seismic
exploration, freight tracking, intelligent transportation (Pohlmann et al. 2022),
drone localization (Fu et al. 2019), parametric channel estimation (Wang et
al.2020) and user localization in massive MIMO (Shu et al. 2018; Shu et al.
2020; Grenier et al.2016).

An adaptive antenna array is a potential technology for
improvements in both military and civilian applications such as radar,
electronic warfare systems, wireless communications and satellite navigation
(Razavizadeh et al.2014; Balanis et al. 2007). Wireless technology is rapidly
evolving, and 5G or beyond 5G (B5G) technology will soon take precedence
(Shu et al. 2020) and for meeting its stringent demands, one potential solution
Is adaptive antenna array systems also known as smart antenna systems
(Balanis et al. 2007; Gross 2005). In smart antenna systems, DOA estimation
plays a key task in localizing the source signal directions. For instance, when
the desired signal's DOA is known, adaptive beamforming methods can be
used for steering the beams toward the desired source directions instead of the
undesired directions (Bellofiore et al. 2002). In addition, DOA estimation
plays a vital role in direction-finding (DF) for the next-generation mobile and

stealth communication systems (Kiang et al. 2004).

In cellular radio systems, spatial division multiple access (SDMA)
with its advanced spatial-processing capabilities allows it to distinguish the
radio signals in the angular domain by forming a beam for each user based on
its DOA. As a result, there is a significant increase in interference suppression
and frequency reuse, leading to improved capacity and throughput of a
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network with lower infrastructure costs (Balanis et al. 2007). DOA estimation
of underwater targets plays a crucial role in SONAR systems for
oceanographic and naval applications such as vessel navigation, torpedo
localization and the internet of underwater things (IoUT) (Lan et al. 2021).
High-resolution DOA estimation is an essential requirement of multiple-input
and multiple-output (MIMO) RADAR systems for accurate localization and
tracking of targets (Xu et al. 2022). Another usage for DOA estimation is in
audio zooming for audio enhancement (Evers et al. 2018), in which, once the
sound source has been located, it is possible to zoom in or amplify the
specific sound to make it louder and clearer. In emergency rescue assistance,
accurate localization of electromagnetic beacon sources is always necessary
for search and rescue operations. The FCC (Federal Communications
Commission 2022) has adopted a mandatory regulation for location accuracy
in wireless emergency calls. Also, the localization of source nodes is crucial
in sensor networks for optimal performance. Furthermore, the localization of
animals and birds based on their sound is of great interest in bio-engineering

studies.

DOA estimation is the process of determining the direction of the
incoming source signals received by the sensor array, where the signals are
located at a different point in space (Foutz et al. 2008). The DOAs of all the
source signals are computed based on the temporal delays between the sensor
array elements. In order to provide good insight, the problem of DOA
estimation is explained with a human auditory system analogy (Balanis et al.
2007). A person's ability to ascertain the DOA of a sound can be viewed as
the signals received by the ears, which function as acoustic sensors. The ears
are separated and so each ear gets the signal with a distinct time delay. The
brain, the human "signal processor"” performs a large number of computations
to correlate information and determine the direction of the received sound

based on the temporal differences or delays received by the two ears. In a
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similar way, the array of sensors is used in the measurement of the
propagating fields. The propagating fields could be acoustic waves in
hydrophone (sonar), microphone (acoustics), geophone (seismology),
ultrasound probe (biomedical) array applications and electromagnetic waves
in RF antenna array and optical receivers (wireless communication) (Manikas
2004). The digital signal processor (DSP) computes the DOA of the
propagating fields based on the temporal differences or delays received by the

Sensor array.
1.2 OVERVIEW OF DOA ESTIMATION METHODS

The development of multi-source localization methods has been
burgeoning in signal processing, communications, and underwater acoustics
literature. There have been several reports concerning defense-oriented
localization systems since World War |. Stansfield (Stansfield 1947) reports
the statistical theory of emitter localization. Many further notable
comprehensive reports followed, including a review work by Torrieri
(Torrieri 1984), extensive reviews of array processing by Krim (Krim et al.
1996), Wax (Wax 1995) and a book devoted entirely to array processing by
Van Trees (Van Trees 2022).

In general, DOA estimation methods can be broadly categorized
into conventional methods, maximum likelihood (ML) methods, subspace-
based methods, and integrated methods (Liberti et al. 1999). The conventional
methods (also referred to as classical methods) for DOA estimation are
essentially based on the concept of beamforming. Two methods are classified
as conventional methods which are the delay-and-sum method (Bartlett 1961,
Bartlett 1948) (also referred to as the classical beamformer (CBF) method or
Fourier method or Bartlett method) and Capon’s minimum variance method
(also known as minimum variance distortionless response (MVDR)) (Capon

1969). The basic idea behind both the aforementioned methods is to steer a
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beam in all possible directions and measure the output power from each
direction. The directions for which the largest output power is observed are
considered as the DOA of the source signals. These methods are simple in
terms of implementation perspective and their non-parametric solutions are
obtained without exploiting the statistics of the received signal. In the delay-
and-sum method, the spatial power spectrum exhibits peaks when the
beamforming weights are equal to the directional vectors of source signals.
The angles corresponding to the peaks of the spatial spectrum are the DOA of
the source signals. The major limitation of the delay-and-sum method is its
poor angular resolution capability for resolving the DOA of multiple closely
spaced source signals (Chen et al 2010). On the other hand, Capon’s
minimum variance method is designed for minimizing the output power for
signal-not-of-interest (SNOI) and maximizing the output power for signal-of-
interest (SOI) with the constraint of maintaining unity gain for the desired
direction-of-interest. Capon’s minimum variance method involves additional
matrix inversion computation and exhibits better angular resolution compared
to the delay-and-sum method. The downside of this approach is the inverse
matrix computation that is expensive for large sensor arrays and becomes ill-
conditioned (singular) in the presence of correlated source signals (Chen et al.
2010).

Research has been carried out on the maximum likelihood (ML)
methods (Ziskind et al. 1988; Ziskind et al. 1990) for the DOA estimation
problem which provides an optimal solution, especially at a low signal-to-
noise ratio (SNR) and correlated source signal conditions. However, it is
rarely used in practice because of its intense computational complexity to find

the global maximum of the likelihood function.

Unlike the conventional methods and ML methods, the subspace-

based methods exploit the statistics of the received signal and exhibit high-
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resolution DOA estimation performance (Tuncer et al. 2009). Within the class
of subspace-based methods, the multiple signal classification (MUSIC) and
estimation of signal parameters via rotational invariance (ESPRIT) have been
most widely examined. The MUSIC method proposed by Schmidt is a
popular high-resolution eigenstructure method (Schmidt 1986). It yields an
asymptotically unbiased DOA parameter estimate for multiple source signals
and achieves superior estimation performance by exploiting the orthogonality
between the signal and noise subspaces of the received signal array
covariance matrix. In comparison to ML approaches, MUSIC performs a
spectral search across a reduced parameter space, resulting in significantly
lower computational complexity. However, it suffers in the presence of highly
correlated source signals and the spectral search process involved may be
computationally expensive for real-time applications. Moreover, it requires
prior knowledge of the second-order spatial statistics of the signal and noise.
Several efforts have been taken for enhancement of the resolution
performance and reduction in computational complexity of the traditional
MUSIC method. Xu has proposed the Fast Subspace Decomposition (FSD)
technique for a reduction in the computational complexity seen in the MUSIC
method (Xu et al.1994).

A search-free method called the Root-MUSIC method based on
polynomial rooting has been proposed by Barbell (Barbell 1983). It offers
improved resolution at low SNR levels and is computationally efficient
compared to the traditional MUSIC method. However, it is applicable only
for ULA configurations. The Cyclic MUSIC method suggested (Gardner
1988), is a selective direction-finding technique that takes advantage of the
spectral coherence characteristics of the received signal to resolve signals that
are spaced closer together than the array's resolution threshold. Additionally,
Cyclic MUSIC does not adhere to the requirement of the total number of

signals impinging on the array being lower than the total number of array
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elements. The performance of MUSIC suffers greatly in a multipath
environment where the signals received are strongly correlated. The array
covariance matrix is subjected to a process known as spatial smoothing to
overcome this drawback (Pillai et al.1989; Shan et al. 1985).

In addition, mean-square error-based approaches such as the linear
prediction (LP) method (also referred to as the autoregressive (AR) method)
(Johnson 1982) and Pisarenko harmonic decomposition (PHD) method
(Pisarenko 1973) have been proposed. The maximum entropy (ME) method
derived by Burg, maximizes the entropy function subject to certain constraints
(Burg 1972). Kumaresan and Tufts (Kumaresan et al. 1983) have proposed a
min-norm method based on the minimum norm vector residing in the noise
subspace and its explanations are presented by Ermolaev and Gershman
(Ermolaev et al. 1994). All the aforementioned methods such as LP, PHD,
ME and min-norm exhibit an inferior estimation performance compared to the
MUSIC method.

In reality, the resolution and estimation accuracy are limited by
noise as well as inaccuracies in the presumed data model. Array calibration
refers to the process of adjusting the presumed array response model for
inaccuracies caused as a result of various imperfections such as phase errors,
gain errors, uncertain sensor placements, an imbalance between the | (In-
phase) and Q (Quadrature) channels, and an inaccurately defined mutual
coupling model (Tuncer et al. 2009). Sakaguchi (Sakaguchi et al. 2002) has
illustrated a hardware-based calibration technique. Auto-calibration is the
other option where array response parameters are computed concurrently with
the DOAs using the measured data (Li et al. 2003). Levi and Messer (Levi et
al. 1990) and Rockah and Schultheiss (Rockah et al. 1987) have illustrated
the fundamental constraints of the combined estimate of sensor locations and
DOAs. Belloni (Belloni et al.2007) provided a more recent contribution in
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which the array interpolation approach is effectively combined with the Root-
MUSIC algorithm. The experimental results of array calibrations are
presented in (Dandekar et al. 2000; Gupta et al. 2003; Pettersson et al. 2003;
Pierre et al. 2004).

The aforementioned limitations of the MUSIC method have urged
Roy and Kailath (Roy et al. 1989) to propose a method called ESPRIT
through the exploitation of the rotational-invariance property of the sensor
array. The major advantages of the ESPRIT method are its involvement of
less computational complexity and the absence of the requirement of
exhaustive spectral search and array calibration compared to the MUSIC
method. Several variants such as unitary ESPRIT (Zoltowski et al. 1996),
QR-ESPRIT (Strobach 1998), DFT-beamspace ESPRIT (Xu et al. 1994),
Multiple-Invariance ESPRIT (MI-ESPRIT) (Swindlehurst et al. 1992) and
Equirotational stack ESPRIT (ES-ESPRIT) (Strobach 2000) have been
proposed for the enhancement of estimation performance and reduction in the

computational complexity seen in the ESPRIT method.

The integrated method, which combines the property restoral and
the subspace-based method, is the last category of DOA estimation methods.
The property restoral method features the Iterative Least Squares Projection
Based Constant Modulus Algorithm (ILSP-CMA) overcoming many of the
challenges associated with Multistage CMA algorithms (Parra et al. 1995).
Xu and Lin (Xu et al. 1995) have presented a novel technique by combining
the ILSP-CMA with the subspace DOA approach for the enhancement of the
DOF. Muhamed and Rappaport (Muhamed et al. 1996) demonstrated the
improvement in estimation performance by combining the subspace-based
approaches such as MUSIC and ESPRIT with the ILSP-CMA.

The practical aspects of design and applications of direction-finding
(DF) systems are discussed in (Tuncer et al. 2009). A wide range of
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contemporary DOA estimation methods is discussed in (Chandran 2005).
Several attempts at higher-order statistics extension of subspace-based
methods have been proposed (Chevalier et al. 2005). It offers enhanced DOF,
insensitiveness to Gaussian background noise, and robustness to modeling
errors. However, its main weakness is high computational complexity, poor
angular resolution and higher sensitivity to finite sample effects (Tuncer et al.
2009).

Recently, nonuniform linear array (NULA) designs have gained
popularity due to their offer of larger array aperture with fewer sensors
(Tuncer et al. 2009). However, its estimation performance can be increased
only when the information on the missing sensors is compensated. It can be
obtained with the help of array mapping techniques (Tuncer et al. 2007).
Various array-mapping techniques are seen in the literature such as Davies'
transformation (Davies 1965) is one example that can be used in a variety of
cases, but it is sensitive to parameter selection and array geometry. One of the
most efficient techniques for array mapping is array interpolation (Bronez
1988).

Within array interpolation techniques, Classical Array Interpolation
(CAIl) (Friedlander et al. 1992) was introduced that interpolates using a
mapping matrix with calibration angles. However, it is limited by small
interpolation sectors and ill-condition of the inverse matrix involved in the
mapping matrix. (Tuncer et al. 2007) have proposed a Wiener Array
Interpolation (WAI) technique based on Mean-Square Error (MSE) for
overcoming the limitations of CAl. It exhibits better performance than CAI at
low SNR levels and is relevant for NULAs when fast algorithms like Root-
MUSIC are applied. However, the computational complexity of these
approaches is high due to the involvement of array mapping alongside the
subspace methods such as Root-MUSIC and ESPRIT. To address this, several
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relevant adaptations of Root-MUSIC and ESPRIT to more wide classes of
array geometries have been proposed such as generalized ESPRIT (Gao et al.
2005), Fourier Domain (FD) Root-MUSIC (Ribsamen et al. 2008) FD-
Weighted Least-Squares (FDWLS) Root-MUSIC algorithm (Ribsamen et al.
2009), and Rank Reduction Estimator (RARE) (Pesavento et al. 2002). In
contrast, the orientation of designing a NULA in such a way that the
conventional DOA estimation methods can be applied without compensating
the missing sensor information by using array mapping techniques has gained
significant interest. For this purpose, several SLA designs have been

proposed.

Recently, co-prime linear array (CLA) designs such as general co-
prime linear array (GCLA) (Vaidyanathan et al. 2011) and unfolded co-prime
linear array (UCLA) (Zheng et al. 2018) have gained considerable research
interest among the several SLA designs such as minimal redundant array
(MRA) (Moffet 1968; Ishiguro 1980), minimum-hole array (MHA)
(Vertatschitsch et al. 1986) and nested linear array (NLA) (Pal et al. 2010).
Despite the potential advantages, both GCLA and UCLA suffer from the
critical problem of ambiguity resulting in an ambiguous estimate of true
DOAs. Specifically, GCLA suffers from the problem of pair-matching
ambiguity in subarray-domain processing but both GCLA and UCLA suffer

from the problem of grating-angle ambiguity.
1.3 OBJECTIVES OF DISSERTATION

In this thesis, the problem of estimating the DOA of the incoming
source signals with a general co-prime linear array (GCLA) and unfolded co-

prime linear array (UCLA) is of prime research interest.
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The key objectives of this dissertation are as follows :

(i)

(i)

To resolve the ambiguity problem such as pair-matching and
grating-angle ambiguity in estimating the DOA of the
incoming source signals with general co-prime linear array
(GCLA) and unfolded co-prime linear array (UCLA).

To achieve a reliable estimation of true DOAs with superior
estimation performances in terms of accuracy, angular
resolution and degrees-of-freedom (DOF) compared to the

existing methods.

(i) To offer good generalization and robustness in estimation

performance with reduced complexity in terms of
computational complexity and execution time compared to the

existing methods.

1.4 CONTRIBUTIONS OF DISSERTATION

The main contributions of the dissertation are summarized as follows :

(i)

First, the proposed unambiguous DOA estimation method
incorporates the initial estimation of DOAs through UCLA-
MUSIC. The true DOAs are distinguished from ambiguous
estimates obtained from UCLA-MUSIC using the estimated
power of the transmitted source signals. The source power
function is derived based on the signal subspace eigenvalues
and its associated eigenvectors to estimate the power of the
transmitted source signals. The proposed approach
distinguishes and detects the true DOAs successfully without
any ambiguity. The simulation results guarantee the
superiority of the proposed method over the existing methods

in terms of reliability and accuracy.
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(i) In the second solution, an improved polynomial rooting-based
method for high-resolution unambiguous DOA estimation is
proposed. A polynomial function is derived based on the
orthogonality between the noise subspace eigenvectors and
array directional vectors. A signal power function is derived
based on spatial filtering for the selection of the signal roots
that are associated with true DOAs over ambiguous roots
obtained from the polynomial function. Furthermore, a
maximum signal power function based on the second-order
differential counterparts of the signal power function is
proposed for the enhancement of the angular resolution
capability of the signal power function in resolving DOAs of
multiple closely spaced source signals. The error analysis is
performed for confirmation of the achievement of better
estimation accuracy of the proposed method that closely
follows the fundamental limits of the Cramer-Rao lower
bound (CRLB). The simulations have been performed to
demonstrate the effectiveness and superiority of the proposed
method in terms of reliability, accuracy, angular resolution

and computational complexity.

(i) In the third solution, a computationally efficient DOA
estimation method based on support vector regression (SVR)
has been proposed to address the ambiguity problem
associated with GCLA and UCLA. The ambiguity problem is
resolved by treating DOA estimation as approximating the
unknown regression function that maps the signal subspace
eigenvectors with the DOA of the incoming source signals.
The proposed formulation uses only one regression model for
the detection of multiple DOAs whereas the other SVR
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formulation requires a multiple regression model. This
provides computational efficiency for the proposed method.
The proposed formulation estimates the DOAs involving full
DOF without increasing the training complexity. It also offers
good generalization for a varying number of sources and
robustness in estimating the DOAs successfully without any
ambiguity. The analysis and simulation findings show the
proposed method outperforms the existing methods in terms
of estimation reliability, estimation accuracy, computational

complexity, execution time and DOF.
1.5 OUTLINE OF DISSERTATION

Chapter 1 introduces the thesis by presenting the following: array
signal processing theory and its importance in various applications; definition
of direction-of-arrival (DOA) estimation and its significant roles in various
applications; evolutions of DOA estimation methods; motivation; objectives;

main contributions and outline of the dissertation.

Chapter 2 lays the foundation for the thesis through the
presentation of the ambiguity issues in DOA estimation with GCLA and
UCLA with associated detailed literature reviews. The ULA is described first,
along with its sensor array design, mathematical description of the received
signal model, and the concept of spatial sampling. The GCLA and UCLA are
then explained, along with its sensor array design and mathematical
description of the received signal model and DOA estimation respectively.
The Cramer-Rao lower bound (CRLB) for GCLA and UCLA is presented.
Finally, a comprehensive investigation of ambiguity issues such as pair-
matching ambiguity and grating-angle ambiguity in DOA estimation
associated with GCLA and UCLA is discussed.
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Chapter 3 presents the proposed method for the resolution of the
critical issue of grating-angle ambiguity in the estimation of the DOA
parameter with UCLA. Initially, the literature review related to the problem
formulation and its existing solutions is detailed. Then, the mathematical
description of the proposed unambiguous DOA estimation method based on
the source power function is presented. The effectiveness of the proposed

method is illustrated by several standard simulations.

Chapter 4 presents the mathematical description of an improved
polynomial rooting-based method proposed to resolve the DOAs of multiple
closely spaced source signals in the ambiguity problem situation. The
simulation results presented show the effectiveness and superiority of the
proposed method in terms of reliability, accuracy, angular resolution and

computational complexity.

Chapter 5 presents a computationally efficient DOA estimation
method based on support vector regression (SVR) for addressing the
ambiguity problem associated with GCLA and UCLA. Initially, the literature
related to the problem formulation and its existing solutions is detailed. Then,
the mathematical formulation of the proposed SVR method for addressing the
ambiguity problem with GCLA and UCLA is described. The complexity and
DOF analysis of the proposed method in comparison with the existing
methods is presented. The simulation results have been presented to show the
effectiveness and superiority of the proposed method in terms of reliability,

accuracy, computational complexity and execution time.

Chapter 6 summarizes the thesis highlighting the main
contributions and discusses the future scope of the work presented in this

dissertation.
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CHAPTER 2

AMBIGUITY IN DIRECTION-OF-ARRIVAL ESTIMATION

2.1 INTRODUCTION

This chapter lays the foundation for the thesis through the
presentation of the ambiguity problem in DOA estimation with the general
co-prime linear array (GCLA) and the unfolded co-prime linear array
(UCLA). The uniform linear array (ULA) is described first, along with its
sensor array design, mathematical description of the received signal model,
and the concept of spatial sampling. The GCLA and UCLA are then
explained, along with its sensor array design, mathematical description of the
received signal model and DOA estimation respectively. Finally, the
investigation of ambiguity problems such as pair-matching and grating-angle
in DOA estimation associated with GCLA and UCLA are discussed.

In general, DOA estimation has been widely investigated through
the utilization of a ULA, in which the spacing between array elements is
limited to less than half the signal wavelength (Van Trees 2022). However,
the ULA design places restrictions on the effective array aperture and leads to
mutual coupling between the array elements, affecting the performances of
DOA estimation in terms of accuracy, resolution, and DOF (Tuncer et al.
2009). Typically, the idea of a large effective aperture provides high
estimation accuracy and resolution in DOA estimation. This can be
accomplished by increasing the number of array elements and the spacing

between them. However, increasing the number of array elements could be
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costly in terms of system hardware needs and computational complexity
(He et al.2012).

The non-uniform linear array (NULA) designs, also known as the
sparse linear array (SLA) designs (Moffet 1968; Ishiguro 1980; Vertatschitsch
et al. 1986; Pal et al. 2010; Vaidyanathan et al. 2011) have been developed
considering the restrictions of the ULA design. SLA design consists of array
elements with an inter-element spacing of more than half the signal
wavelength. It enables the SLA design to attain a large effective array
aperture with fewer array elements and also mitigates the influence of mutual
coupling between array elements. However, SLA suffers from the problem of
spatial ambiguity due to the inter-element spacing being greater than half the
signal wavelength. To prevent the formation of spatial aliasing in DOA
estimation, array elements must be positioned optimally in SLA
(Aboumahmoud et al. 2021). In the literature, numerous SLA designs have
been proposed, including minimal redundant array (MRA) (Moffet 1968;
Ishiguro 1980), minimum-hole array (MHA) (Vertatschitsch et al. 1986), and
nested linear array (NLA) (Pal et al. 2010). MRA and MHA require an
exhaustive search process for sensor positioning. In addition, an iterative
process is involved in getting the suitable covariance matrix. In contrast, the
NLA has an analytic expression for sensor positioning but it suffers from
mutual coupling effects due to the dense distribution array elements in one
subarray having an inter-element spacing of less than half the signal

wavelength (Aboumahmoud et al. 2021).

Recently, the co-prime linear array (CLA) design (Vaidyanathan
et al. 2011) has gained considerable research interest among the several SLA
designs due to the following benefits: (i) the closed-form solution for
positioning the array elements that make the design and analysis process

simple, which lacks in the MRA and MHA (ii) the mutual coupling between
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array elements is insignificant and provides higher estimation robustness
compared to the NLA design (Tan et al.2014). A general CLA referred to as
GCLA consists of two ULAs (subarrays), each with a co-prime number of
array elements having more than half the signal wavelength as inter-element
spacing (Vaidyanathan et al. 2011). Generalized CLA designs, such as co-
prime array with compressed inter-element spacing (CACIS) and co-prime
array with displaced subarrays (CADIS), have been suggested by (Qin et al.
2015) based on the difference-coarray of GCLA for enhancement of the DOF.

DOA estimation with GCLA is performed via two categories of
approaches such as difference-coarray domain processing and subarray
domain processing (Xiao et al. 2019). In the difference-coarray domain
processing, the number of distinct consecutive covariance lags is virtually
more than the number of physical array elements, providing the enhanced
DOF (Liu et al.2015; Xie et al.2019). However, it is constrained by the
presence of "holes" in the difference-coarray of GCLA and also entails a high
degree of computational cost due to the requirement of a large number of
snapshots. In subarray domain processing, the signal received from two
subarrays is processed independently and the DOAs are estimated based on
the co-prime property. In literature, numerous DOA estimators have been
presented, in which subspace-based estimators such as MUSIC, ESPRIT and
its variants offer superior estimation performances compared to the maximum
likelihood estimators and beamformer estimators such as LCMV and MVVDR
(Schmidt 1986; Roy et al. 1989).

Zhou et al.(2013) have proposed a subspace-based estimator called
DECOM, which decomposes the GCLA into two separate subarrays and
applies the MUSIC estimator individually. The MUSIC spectrum of both the
subarrays exhibits peaks at true DOAs and also peaks at ambiguous angle

locations due to the inter-element spacing of the subarrays being greater than
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half the signal wavelength. However, the co-prime property allows the peaks
of the MUSIC spectrum of two subarrays to coincide for pair of angle
locations that constitutes the true DOAs. Considerable efforts have been taken
for the bypassing of spectral searching process in DECOM for GCLA by
developing a partial spectral searching method (Sun et al.2015) and
polynomial-rooting-based methods (Zhang et al. 2017; Liu et al. 2018;
Yan et al. 2018). The major drawbacks of the above-aforementioned methods
(Sun et al.2015; Zhang et al. 2017; Liu et al. 2018; Yan et al. 2018) are as
follows (i) maximum DOF is equal to a subarray with a minimum number of
array elements i.e., less than the total number of array -elements
(i) estimation performances are limited in terms of resolution and accuracy
(iii) additional complexity due to the pair-matching process (iv) suffers from
pair-matching ambiguity in the case of signals are transmitted from multiple
emitters (v) the information of the entire array is not utilized (Zheng et al.
2018).

To circumvent the restrictions mentioned above, the approach
called adjoined subarray (AdS) based method presented by (Zheng et al.
2018) collectively utilizes the two subarrays rather than handling them
separately. The method (Zheng et al. 2018), stacks the received signal from
two subarrays of GCLA and applies the MUSIC estimator. Utilization of the
entire array helps the method (Zheng et al. 2018) in the enhancement of the
DOF and also in the elimination of the pair-matching process. However, the
effective array aperture remains unchanged. As a result, there is no
improvement seen in the estimation performance metrics such as resolution

and accuracy.

Zheng et al. (2018) have proposed a new CLA design known as
unfolded co-prime linear array (UCLA) also recognized as a co-prime array

with adjoined subarrays (CAAdS) for meeting the aforementioned limitations.
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The UCLA involves the cascading of two subarrays together, which results in
the enlargement of the effective array aperture compared to the GCLA. This
advantage helps the MUSIC estimator in its application to UCLA and it offers
better estimation performances than GCLA. In (He et al.2020), a polynomial
rooting approach called UCLA-Root MUSIC is proposed for the
improvement of the resolution and avoidance of the spectral searching process

where (Zheng et al. 2018) involves.

Despite the potential benefits of UCLA, it suffers from the critical
issue of grating-angle ambiguity also referred to as directional matrix
ambiguity or non-trivial ambiguity (Liu et al. 2013). It occurs due to the non-
uniform linear array design of UCLA, in which there exists a set of DOAs
with linearly dependent directional vectors. As a result, directional vectors
that are not associated with true DOAs tend to reside in the signal subspace,
yielding an estimate of true and ambiguous DOAs. The strategy proposed in
(Yang et al.2019; Huang et al.2021) have used a beamformer-based approach
to suppress the ambiguous estimate. However, it fails to resolve the problem
of grating-angle ambiguity when the DOA of signals from multiple emitters is
closely distributed. It also involves high computational complexity due to the
spectral searching process and provides lower estimation performances in

terms of reliability, accuracy and angular resolution.
2.2 UNIFORM LINEAR ARRAY

Figure 2.1 shows a ULA design consisting of N sensor elements

that are uniformly spaced apart by distance ‘d’ and linearly positioned at

P, =(nd, 0,0);n=0,1,2,...,N — 1 along the x-axis.
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Figure 2.1 Design of ULA

2.2.1 Received Signal Model of ULA

Assume that an incoming far-field (plane wave) signal s(t)

impinges on the ULA from direction 8 as shown in Figure 2.2. Let, s(t) is a

narrowband modulated signal and it is given by

s(t) = m(t)e/?™ct (2.1)
A0
7
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Figure 2.2 System model of ULA

where m(t) denotes the modulated message or the complex envelope of s(t)
and f_. is the carrier frequency. Then, the signal received by ULA can be

expressed as
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Xo () s(t — 7o)

x(8) [_ | s(t—7)

Xypa(t) = (2.2)

v ®) st —1y_p)

where s(t — t,,) is the signal received by the sensor element positioned at B,,

T, IS the time delay of the received signal at the sensor element positioned at
P,. Generally, the time delay is expressed as

Dif ference in propagation distance

Time delay = velocity (2.3)
d sin (0 , :
Therefore, 7,, = = SLC"( 2 Now, the signal received at the sensor
array can be written as
s(t — 7o) [ m(t — 1,) e/t
s(t —1,) m(t — 1) ef2nfe(t-T1)
XULA (t) = . 1 — | ( 1) ) |
S(t - TN—l) lm(t — TN—l) ejznfc(t_TN—l)J
m(t — 1) e /2™cto
m(t —1y) e g janree (2.4)
m(t — TN—l) e_jznchN—l
Let, e J2nfctn — e_jZHfCHdSZl © = e_fzﬂ—ndsiln © — e Jnk sin(9)’

where k = %. The bandwidth of m(t) is narrow and substantially less than

the carrier frequency. Thus, m(t) =m(t—1) =m(t—1,) =...

IR

m(t — ty_,). Then, the received signal vector can be written as

1
] e—jksin(@)
Xypa(t) = m(t)e/2mlet : = s(t) ayp4(0) (2.5)

e—j(N—.l)ksin(G)
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where ay;4(0) is the array directional vector, it can be also referred to as
array response vector or array steering vector or array manifold vector and it
contains the information about direction-of-arrival (6). In practice, the
number of source signals is more than one, and noise exists in the propagation
environment. Consider, M (M < N) source signals from directions © =
{6,,}M_, impinging on N element ULA with the field-of-view (FOV) such
that 6,, € (—90°, +90°). Then, the observed array output received signal

vector can be expressed as

Xypa(t) =
1 1 s1(6)]
e—jksin(el) e—jksin(ez) e ]ksm(BM) (t)
: : +
e—j(N—l)ksin(Bl) e—j(N—l)ksin(Bz) e —j(N— 1)ksm(9M) SM(t)
no(t) T
ny—-1(t).

The matrix form of the observed array output received signal vector

is expressed as
Xyra(t) = Aypa s(t) + n(t) (2.7)

where Ay, =[a(6,) a(8,)... a(6))] eCV*M is the array directional
matrix, it can also be referred to as array steering or array manifold matrix or
array response matrix. ay;4(6,,) e CNX1 s the array directional vector
associated with m*™ source signal, s (t) = [s;(t) s,(0)... sM(t)]T e CMx1
represents the incoming source signal vector and

n (t) = [ny(t) ny(0)... nN_l(t)]T e CNx1 represents the zero-mean
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additive white noise vector with covariance E{n(¢t)n” (t)} = ¢21,, where o7

Is the noise power and I, denotes the N x N identity matrix.
2.2.1.1  Concept of spatial sampling

This section briefs the choice of inter-element spacing ‘d’through
the concept of spatial sampling. The Nyquist frequency theorem implies that a
minimum sampling frequency is necessary for avoiding aliasing in a time-

sampled signal (Ifeachor et al. 2022) and is given by

fi = =2 2fmax (2.8)

Ts

where f, denotes the sampling frequency, T, denotes the sampling period and
fmax denotes the maximum frequency of the signal in the frequency spectrum.
Similarly, the spatial sampling with the ULA (McCowan 2001) can be

expressed as

fxs = % = 2fmax (2.9)

where f, denotes the spatial sampling frequency, d denotes the spatial
sampling period and f;,,, denotes the maximum frequency of the signal in the
spatial spectrum. The spatial frequency fux = % Thus, %22 % Then, the

Nyquist condition for avoiding aliasing in spatial sampling is given by

d < (2.10)

N>

Using the Nyquist condition to avoid aliasing in spatial sampling,
the inter-element spacing of ULA is setas d = '% Equation (2.6) is given as

follows:
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1 1 s1(¢)
—jksin(61) —jksin(6) ]ksm(GM) s, (t
Xypa(t) = ¢ : € : \ 2()
e—j(N—l)ksin(Ql) e—j(N—l)ksin(Hz) —](N 1)ksm(9M) (t)
no(t)
+| mO | @)
ny—1(t)
2md ol - A 2n (&)

where k = - Substituting d = i k = /12 = 1, Then, the observed array

output received signal vector can be written as

Xypa(t) =
1 1 s1(t)
e~ Jmsin(61) e —Jmsin(62) e ]nsm(GM) s, (t)
e~ J(N-Drsin(81) p—j(N-1)msin(62) e J(IN- 1)7Tsm(9M) SM'(t)
no(t)
m) [ 012
ny-1(t)

An N element ULA can resolve N — 1 source signals through the
use of subspace-based DOA estimators such as ESPRIT and MUSIC. The
output of the sensors in an array is influenced by their neighboring sensors,
and this impact manifests as mutual coupling. This scenario becomes more
prevalent and adversely impacts the sensor output when the sensors are
arranged closely in the array. This impact in the arrays is quantified through
the use of the weight function, which defines the number of sensor pairs in the

array with a given degree of inter-element spacing.

Definition: The weight function w(m) of an array refers to the
number of sensor pairs corresponding to the index m which indicates the

spacing between the underlined sensor pair (Liu et al. 2016) and it is given by
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W(m) = {(n,n,) €S| n, —n, = md} (2.13)
w(m) = Card (W(m)) (2.14)

where S is the set that contains the sensor positions of an array.
Card (W(m) ) is the cardinality of the set W(m), which indicates the number
of elements in the set W(m). Say, the first three weights, w(1), w(2), and
w(3) denotes the number of sensor pairs in an array with d, 2d, and 3d inter-
element spacing respectively. For example, consider an 12 element ULA
(N =12) with its sensor positions S = {0,1,2,3,4,5,6,7,8,9,10,11}, whose
weight function is w(1) = 11, indicates that 11 sensor pairs in an array have
d inter-element spacing. It clearly shows that the ULA design has a
significant effect on the mutual coupling between array elements and

influences the DOA estimation performances.
2.3 CO-PRIME LINEAR ARRAY

Figure 2.3 shows the GCLA design with N sensor elements
consisting of a superposition of two subarrays with one common element
(Vaidyanathan et al. 2011). Subarray 1 has N; elements of ULA with the
inter-element spacing of d, = Nzg. Likewise, subarray 2 has N, elements of
ULA with the inter-element spacing of d, = N,Z, where 1 is the wavelength
of the source signal. Thus, the total number of sensor elements in GCLA is
N= N, +N,—1.

The effective array aperture obtained by GCLA is given by
((N, —1)N; + 1)d. For example, consider a 12 —element GCLA (N = 12
i.e., Ny =7 and N, = 6) with its inter-element spacing d, = ¢ and d, = 72
respectively. The sensor position of subarray 1 is S; = {0,6,12,18,24,30,36}
and subarray 2 is S; = {0,7,14,21,28,35}. Thus, the sensor position of GCLA
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is given by S, U S, = {0,6,7,12,14,18,21,24,28,30,35,36}. The first three
weights of GCLA are w(1) = 2,w(2) = 2,w(3) = 2 indicating 2 sensor
pairs in an array having d, 2d and 3d inter-element spacing respectively. The
12 —element GCLA can obtain 36d as an effective array aperture. It clearly
shows that the GCLA design has significant improvement to counter mutual

coupling and yields better sparsity (array aperture) compared to the ULA

design.
D —— — &
A
L B=y J
. ] [ Y
— 2 » Subarray 1 (N;)
dy=Ny5dy = Ny 5 |
| = = o e
N=N +N,—1 7 e
k =My /
f

Subarray 2 (N;)

Figure 2.3 Design of GCLA
2.3.1 Received signal model of GCLA

Consider, M (M < N) far-field source signals from directions
0 = {6,,}*_, impinging on N element GCLA with the field-of-view (FOV)
such that 8,, € (—90°, +90°) as shown in Figure 2.4. Then, the observed

array output received signal vector by i t*subarray of GCLA can be expressed

as

x; () =A;s(®)+ni(t) ; =12 (2.15)

where x,(t) e CN*1 and x,(t) € CV2*1 represents the received output vector

of subarray 1 and subarray 2 of GCLA. Here, A; represents the array

directional matrix of i *subarray and for each subarray, it is given by
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@ Subarray 1 (N;)
@ Subarray 2 (N,)

s1(t)

N=N, +N, -1

Figure 2.4 System model of GCLA
A; =[a;(6,) a;(6,)... a;(6y) ] e CNxM (2.16)
A, =[a,(0,) a,(0,)... a,(6y) ] e CN2XM (2.17)

where a, (6,,) and a,(0,,,) represents the array directional vector of subarray
1 and subarray 2 and it is given by
a, (em) — [1’ e ~JmN2 sin(Gm)’ o e ~JmN2(N1—1) sin(@m)]Te C Nix1 (2.18)

a, (em) — [1’ e ~JmN1 sin(Gm)’ o e ~JmN1(N2—1) sin(em)]Te C N2x1 (2.19)

Then, the observed array output received signal vector of GCLA
can be expressed as follows

1 1 1 s1(t)
e—sznsin(Bl) e—szrtsin(Hz) e—sznsin(eM) Sz(t)
x,(t) = . . cees . )

eI (N =D Sin(01) o=y Wy -Dwsin(8;)  g=jNa(Wa=Dresin(ean) | | (1)
ny,0(t)
n ny1(t)

[n1,1v1.—1 (t)J

= A;s(t) + n () (2.20)
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1 1 1 s1(6)
_ e—len'sin(Bl) e—lensin(Gz) e—lensin(QM) Sz(t)
X,(t) = . . . :

o= iN1 (N3~ sin(8y) o =Ny (Na~Dsin(8;)  —iNy (N~ sin(8y) s (6)
[ Na,0(t)

ny1(t)

+ ] = A,s(t) + ny(t) (2.21)

Ny N,—1 ()

Here, s (t) = [s.(t) s,(¢)... SM(t)]T e CMX1  represents the

incoming source signal vector, n;(t) e CN¥1*1 and n,(t) e CN2*1represents
the zero-mean additive white noise of subarray 1 and subarray 2 with
covariance E{n;(t)n{' ()} = g4.1;, i = 1,2, where g, is the noise power and

I; is the identity matrix (Vaidyanathan et al. 2011).
2.3.2 DOA Estimation with GCLA

The subarray-based method divides the GCLA into two ULAs
(subarrays), and DOA estimation is performed independently on each ULA
(Zhou et al.2013). The covariance of the received signal from two subarrays

can be expressed as
Ry, = E{x;(t) x;" (t)}
=A;RGA + 021, ;i=12 (2.22)

where Rg= E{ss"} denotes the source covariance matrix and I; denotes the

identity matrix. In practice, the actual covariance matrix Ry, is unknown,

therefore its sample estimate ﬁxi is computed for K snapshots and it is given
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ﬁxi = E{x;(t) x;," ()}

K
1
=2 ) X O %) ;1 =12
t=1

The Equation (2.23) can be re-written as follows

Ry, = B (D%, (0) = Y x,(0) x,1(0)

~ 1
R, = E0x,(0) %" (0} = 2 ) %,(8) %,"(0)

K

t=1

29

(2.23)

(2.24)

(2.25)

The eigenvalue decomposition (EVD) of R, eCM*M and

R,, e CV2*N2 yields

(2.26)

(2.27)

Where El = [el ez 63...eN1] € (CNIXNl, ﬁl = dlag {)\1 >\2 >\3...>\N1}, EZ =

[e1 e, es...ey, | e CVXN2) D, = diag {x; %, »j...ny,}. The columns of

E, and E, indicates the eigenvectors of R, and R,, associated to eigenvalues

of D, and D,. In D, and D,, only M eigenvalues are significant and related

to the source signals and the remaining eigenvalues are approximately equal

to noise power (Schmidt 1986). As a result, D,,D, and its associated

eigenvectors E,, E, can be re-written as follows

]351 = diag {»;

ﬁSZ = diag {»,

Ny XNz... 2y}

Ny XNz...xy}

ANNA UNIVERSITY, CHENMAIL - 600 023




30

ﬁnl = diag {™p+1 Mm4z Amazeo g} (2.30)
ﬁnz = diag {™m+1 Mm4z Amaze- 2w, l (2.31)
E;, = [e; e; e5...eyle CN1 XM (2.32)
E;, = [e; e, e5...eyle CN2 XM (2.33)
E, = [€ym+1 €z Cpyze.. €y, J€ CN1XNTM (2.34)
E,, = [€y11 €me2 €pyz... €y, ]€ CN2XN2M (2.35)

Thus, Ry, and Ry, in Equation (2.26) and Equation (2.27) can be rewritten as

)

R,, =E, D, EY +E, D, Ef (2.36)

)

R,, =E, D,EY +E, D, E (2.37)

The columns of E51 and ESZ (eigenvectors) that span the space is
referred to as the signal subspace of ﬁxl and ﬁxZ respectively. Similarly, the
columns of E,,, and E,, (eigenvectors) that span the space is referred to as the
noise subspace of ﬁxl and ﬁXZ respectively. Furthermore, the signal subspace
and directional vector of the source signals span the same space and are
orthogonal to the noise subspace (Pal et al.2011). As a result, the directional
vector can be used in the search for all possible angles across the noise
subspace to determine the DOA of transmitted source signals, and the MUSIC

null spectrum of each subarray is provided by
N ~ ~ ~ 2
f1(6) = af () E,,, Eff a,(6) = [[E}, a,(0) | (2.38)

f2(6) = alf (0) E,,, B, a,(8) = ||EY, a,(0) | (2.39)
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The pseudo spectrum of Equation (2.38) and Equation (2.39) can

also be expressed as

1 1
all(0) By, BYf 21(0)  ||EH, a,(0) ||”

f(6) = (2.40)

1 1
al!(0) En, Bff, 22(8)  ||BH a,(0) ||’

f2(6) = (2.41)

The MUSIC spectrum of subarray 1 f,(6) exhibits peaks at true
DOAs (8,,) and ambiguous angles (8%mP) are taken into consideration as
the candidate angles (Bc‘md) As a result, the following relationship exists
between 8,,, and 6% and it is given by

sin(0,,) — sin({417) = 2Ny (2.42)

N>

where Jy, is an integer. Hca”d corresponds to true DOA at J,, = 0 and for
In, =—-WN,=1),..,-1,1,...,(N, — 1), 9“‘"‘1 corresponds to ambiguous
angles. Similarly, the MUSIC spectrum of subarray 2 has the following

relationship

sin(0,,) — sin(85%1%) = 2Ny (2.43)

Ny

where Jy, is an integer. ecand corresponds to true DOA at J, = 0 and for
I, =—WN; = 1),..,-1,1,...,(N; = 1), 65914 corresponds to ambiguous
angles. By using Equation (2.42) and Equation (2.43), the relationship

between the two spectra can be obtained and it is expressed as
sin(B5n®) — sin(ffand) = 2 (jN—l - ]ﬂ) (2.44)

Nz N1
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As a result, the uniqueness of DOA estimation is given by
Oimd = g5t = 9, exist for Jy, = Jy, = 0. For Jy, # 0andJy, # 0, the
two spectrum exhibit %4 == 54 under N, and N, are co-prime integers
referred to as co-prime property (Zhou et al.2013). Hence, the common angle
pairs in the two spectra are considered to be the true DOAs 8,,. A partial
spectral search method (Sun et al.2015) and polynomial rooting-based
methods (Zhang et al. 2017; Liu et al. 2018; Yan et al. 2018) have been
proposed for a reduction in the computational complexity seen in the
(Zhou et al. 2013) method. The DOF achieves by N element GCLA in
subarray domain processing is min( Ny, N,) — 1 (Zheng et al. 2018).

2.4 UNFOLDED CO-PRIME LINEAR ARRAY

Figure 2.5 shows the UCLA design with N sensor elements
consisting of cascading of two subarrays with one element as common
(Zheng et al. 2018). Here, subarray 2 is cascaded with subarray 1. As a result,
the total number of sensor elements in UCLA is N = N; + N, — 1. The inter-

element spacing of each subarray is defined as d, = Nzg and d, = Nl’%

respectively, where 4 is the wavelength of the source signal.

The effective array aperture obtained by UCLA is given by
((N, —1)N; + (N; —1)N, + 1)d. For example, consider a 12 —element
UCLA (N=12 i. e, N, =7 and N, = 6) with its inter-element spacing
d, = 6% and d, = 7% respectively. The sensor position of subarray 2 is
S, = {0,7,14,21,28,35} and subarray 1 is S, = {35,41,47,53,59,65,71}.
Thus, the sensor position of UCLA IS given by
S,V S, ={0,7,14,21,28,35,41,47,53,59,65,71}.
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¢ A g &/ & 2 4 4 — . ©
dy =N A d, = N A
\ 1= MN23 A 2= MN13 |
Y |
Subarray 1 (N;) ‘ Subarray 2 (N,)
L 4 ¢ $ ~———; ¢
di =N. A
K 1=MN25 |
[
Subarray 1 (N;)
@ © © o—
< A' L] L L]
\ =3 )
|

Subarray 2 (N5)
Figure 2.5 Design of UCLA

The first three weights of UCLA are w(1) = w(2) = w(3) =0
indicating no sensor pairs in an array having d, 2d, and 3d inter-element
spacing respectively. The 12 —element UCLA can obtain 72d as an effective
array aperture. It clearly shows the UCLA design has significant mitigation of
mutual coupling effects and yields good sparsity (enhanced array aperture)

compared to the GCLA design.

24.1 Received Signal Model of UCLA

Consider, M (M < N) far-field source signals from directions

0 = {6,,}¥_, impinging on N element UCLA with the field-of-view (FOV)
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such that 8, € (—90°, +90°) as shown in Figure 2.6. Then, the observed

array output received signal vector x4 (t) € C¥*1 of UCLA is given by
Xycra (6) = Aycra s (£) +n (t) (2.45)

where Ay s =[a(8;) a(0,)... a(8y)] eCV*M represents the array

directional matrix and a (0,,) = [a](8,,) al(8,,)]"e CN*1 represents the
array directional vector of UCLA. The directional vector of a,(6,,) and

a,(6,,) in UCLA can be expressed as

a,(0,,) = [1, e JmNzsinOm) e—jnNz(Nl—l)sin(Gm)]T (2.46)
a,(0,,) = [e TN M=D+N) SinOm) | o= Jm(N2 (N1 =1 +N3 (Nz=1)) sin(Om) |
(2.47)

Sm(t)

s1(t)

A _
] di = sz “ d, = N1§ :
Subarray 1 Subarray 2
N1 N,

Figure 2.6 System model of UCLA

As a result, a (0,,) e CV*! of UCLA can be written as

a (Hm) — [1’ e—jnN2 sin(Gm)’ o e—jnNz(Nl—l) sin(Bm)’ e—jn(Nz(N1—1)+N1) sin(em)’

., e—jn(N2 (Ny—1)+N{(N,-1) )Sin(@m)]T (248)

éﬂ?@@ ANNA UNIVERSITY, CHENMAIL - 600 023




35

s (t) = [s1(t) s,(t)... sy ()] € CM*1 represents the vector of emitter signal
amplitudes and n(t) = [ny(t) ny(t)...ny_,(t) ]Te CV*1 represents the zero-
mean additive white noise with covariance E{n(t)n¥ (t)} = 21, where o2
is the noise power and I, denotes the N x N identity matrix (Zheng et al.

2018). The observed array output received signal vector x4 (t) € C¥*1 of

UCLA can be expressed as follows

Xycra (t) =
1 1 1
e —jmN, sin(64) e — TN, sin(0y,) e—jnNz sin(6p)
o= JTN(N;~1) 5in(8;) ¢~ JTN2 (N3 =1) 5in(6y) o= JTN (N3 ~1) sin(6p)
o ST (N~ DN Sn(6) o= Jm(Ny(Ny=1)+Ny) Sin(Om) o= TN (Ny =Ny sin (B
[~ (N 1)+ N; (N =1))si(01) g = (N5 (Ny = D+N;y (N =1))Sin(B) o= (N5 (Ny=1)+N; (N, ~1))sin(By) |

s1(t) no(t)
ISZ_(’:)\ + l m () (2.49)
SM.(t) nN—.l (©)

24.2 DOA Estimation with UCLA

UCLA is considered as a single array design, and so the covariance

R, e CM*N of the received signal xy..4 (t) € CV*1 is directly obtained

instead from two subarrays separately and it is given by
Ry = E{Xycra(t) X{cra(®)}
= Aycra Rs Afcra + 01y (2.50)

where Rg= E{ss”} denotes the source covariance matrix, ¢ is the noise

power and I, denotes the N x N identity matrix. In practice, the actual
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covariance matrix R, is unknown, therefore its sample estimate R, is

computed for K snapshots and it is given by

R RZ] (2.51)

K
Ry, = %; Xycra(t) Xicra(t) = [ﬁ3 R,
Here, the array covariance R, inherently contains the self and
mutual information relating to two subarrays due to the utilization of the
entire array. It can be seen via the block matrices such as R;, R, as the array
auto-covariance and R,, R as the array cross-covariance of two subarrays in

R, of Equation (2.51) (Zheng et al. 2018). The eigenvalue decomposition
(EVD) of R, yields

A~

LEH (2.52)

)

R,=E,D,E +E,

where E; 2 e, e,,...,ey] € CV*M and E, 2 [ey11,€142...,€y] CVXNM
contains the signal- and noise-subspace eigenvectors of R, corresponding to
the eigenvalues in the diagonal matrix Dy 2 diag{x;,x,,...,~y} and
D, 2 diag{>y+1, 2 m+2,---,xn}. Furthermore, the signal subspace and
directional vector of the source signals span the same space and are
orthogonal to the noise subspace. As a result, the directional vector can be
used in the search for all possible angles across the noise subspace to
determine the DOA of transmitted source signals, and the UCLA-MUSIC

pseudo spectrum is given by

2 1 1
fucLa-music(8) = ) BBl @) [EH a@) [ (2.53)

Thus, the angles (6) correspond with the highest peaks of
fuciamusic(8) are the DOA of the transmitted source signals. He et al.

(2018) have proposed a polynomial rooting approach called UCLA-Root
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MUSIC for the improvement of the resolution and avoidance of the spectral
searching process involved in UCLA-MUSIC (Zheng et al. 2018). The DOF
achieved by N element UCLA using UCLA-MUSIC (Zheng et al. 2018) and
UCLA-Root MUSIC (He et al. 2020) is N; + N, — 1.

2.5 AMBIGUITY IN DOA ESTIMATION WITH GCLA AND
UCLA

This section deals with the ambiguity issues such as pair-matching
and grating-angle in DOA estimation associated with GCLA and UCLA.

25.1 Pair-Matching Ambiguity

In the subarray-based DOA estimation with GCLA, the common
angle pairs in the MUSIC spectra of two subarrays are regarded as the true
DOAs 8,, based on the co-prime property. However, the uniqueness of DOA
estimation given in section 2.3.2 is not always true in the case of multiple
incoming source signals (Xiao et al.2019). Let us consider, that two signals
impinge on GCLA from different directions 6, and 6, i.e., 8; # 6,. The

MUSIC spectrum of subarray 1 exhibits two ambiguous angles éﬂnb and

é{f’znbassociated to 6, and 6, respectively by having the following relationship

2JNq4

sin(8,) — sin(8fP) = Nz (2.54)

« ~ _ . Aamb _ 2]N1,2
sm(@z) sm(@l’2 )_—Nz (2.55)
where [y, and Jy,, are integers in the range —(N,—1) to (N, —1)
e, —(N,—1),..,—1,1,...,(N, — 1). Similarly, the MUSIC spectrum of
subarray 2 exhibits two ambiguous angles 95‘,’}”’ and 93’2"bassociated to 6, and

8, respectively by having the following relationship
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sin(0,) — sin(Bg7r) = ZJIIVV% (2.56)

(A (A 2J
sin(0,) — sin(653P) = % (2.57)
where Jy,, and Jy,, are integers in the range —(N;—1) to (N; —1)
i.e,—(N; —1),..,—1,1,...,(N; — 1). Thus, the relationship between the two
spectra that can be obtained based on Equation (2.42) and Equation (2.43)

respectively is expressed as follows

sin(8y) — sin(B,) = 2 (B2 — 222 (2.58)
sin(0;) — sin(8,) = 2 (11;12'1 - jl;lvzl’z) (2.59)

By Subtracting the Equations (2.56),(2.55),(2.58) and Equations
(2.57),(2.54),(2.59) respectively results as follow

sin(@{7?) = sin(H47P (2.60)
sin(0{?) = sin(H47P (2.61)

Thus, the MUSIC spectrum of subarray 1 and subarray 2 exhibits
common angle pairs (overlapped peaks) at the ambiguous angles in addition
to the true DOA angles are referred to be pair-matching errors. As a result, it
leads to the ambiguous estimate of true DOAs referred to as pair-matching
ambiguity in DOA estimation with GCLA (Xiao et al.2019).

For example, consider two source signals (M = 2) from the
direction 6, = 10.00° and 6, = 39.11° impinges on GCLA with N =
11 elements (N; = 5,N, = 7) under signal-to-noise ratio (SNR) of 10 dB
and a snapshot of K = 200. The method proposed in (Zhou et al.2013)
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exhibits overlapped peaks for a set of angles that includes true DOAs such as
6, =10.00° and 6, =39.11° as well as ambiguous angles such as
f4mb = —13.09 °and ¢™P — 75.75° as shown in Figure 2.7. Similarly, the
partial spectral search-based method (Sun et al.2015) also suffered from this
ambiguity problem. Furthermore, the polynomial rooting-based methods
(Zhang et al. 2017; Liu et al. 2018; Yan et al. 2018) result in more than
M = 2 common roots i.e., 4 roots (closer to unit magnitude) related to
6, = 10.00°,6, = 39.11°,0¢™" = —13.09 °and H¢™ — 75.75° leading
to an ambiguous estimate of true DOAs which can be seen in Table Al.1 of
Appendix 1. Persistence of pair-matching ambiguity is seen for at least any
two direction angles of the set {10.00°,39.11°,—13.09°,—75.75°}
(Xiao et al.2019).

Subarray 1 MUSIC Spectrum

L g

_.
I

Amplitude

-90 -75 -60 -45 -30 -15 0 15 30 45 60 75 90

Angle (degree)
(a)
. Subarray 2 MUSIC Spectrum

L1

<

2 i

=

S

<t 0 | | I | I | | | | | I | | | | | I

-90 -75 -60 -45 -30 -15 0 15 30 45 60 75 90
Angle (degree)
(b)

Figure 2.7 (Continued)
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Peaks in subarray 1 MUSIC Spectrum

4 Peaks in subarray 2 MUSIC Spectrum
- o o 39.11°
: ’Palr-Matchmg Err0§‘_§ ~.
A A A A A A A A A A 4 A
L L L L L L R L L
90 75 60 -45 30 -15 0 15 30 i45 60 75 90
: Angle (degéee)
90 -75 -60 -45 -30 -15 0 15 30 45 60 75 90
Angle (degree)
(©)
Figure 2.7 The problem of pair-matching ambiguity in GCLA:

(@) Subarray 1 MUSIC Spectrum (b) Subarray 2 MUSIC
Spectrum (c) Pair-matching error diagram

The problem of pair-matching ambiguity in DOA estimation with

GCLA is resolved through the use of adjoined subarray (AdS) based method.

The method (Zheng et al. 2018) stacks the signal received from two subarrays

together and applies the MUSIC estimator. The received array output signal

vector of subarray 1 x, (t) and subarray 2 x, (t) of GCLA are stacked. This

can be expressed as
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1 1 1
e—fﬂ'Nz sin(64) e—jn’Nz sin(6,) e —jmN, sin(6yy)
: : : s1(t)
[ X1 ()| _ | e ImN2N1=D) sin(01) g =jnNz(N1=1)sin(n) o =jnN2(N1=D)sin(0m) || s, (t) +
x; (6) 1 1 1 5
e—jN17ISLn(61) e—len'sm(Bz) e—jN11TSLn(0M) SM(t)
_e—le(Nz—.l)nsin(Bl) e—le(Nz—.l)n:sin(Bz) e—le(Nz—.l)n:sin(BM) |
[ n,0(t) ]
nq,1(t)
nq,n,-1(6)
' 2.62
N2,0(t) ( )
ny,1(t)
15 v, -1 (E)]
X, (t A n,(t
X(t)=[ 1()=[1]S(t)+[1()]
x; (0] 1A, n,(t)
=As(t) +n(t) (2.63)

where A= [21] = [AT AT ]1"=[a(0,) a(B,)...a(8,,)] € CM1+N)xM g the
2

array directional matrix. Here, a(6,,) is the array directional vector and it can
be written as a(6,,) = [a,7(6,,) a,7(6,,) ]Te CN1+N2)x1 "g(¢) and n(t) =
[n,7(t) n,T(t) ]"e CN1+N2)x1 represents the source signal vector and noise

vector respectively.

In adjoined subarray (AdS) based DOA estimation method
(Zheng et al.2018), the estimated covariance R, e CN1+N2)x(N1+N2) of the

array output signal vector x(t) e C N1+N2)x1 ith K snapshots can be given

as

R, = %; x(t) X" (£) = [gl (2.64)

3

<) )
PR
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Utilization of the two subarrays together through the stacking of its
received array output signal vector helps the array covariance R, containing
the self and mutual information of two subarrays. It can be seen via block
matrices such as R;, R, as the array auto-covariance and R,, R; as the array
cross-covariance of two subarrays respectively. The adjoined subarray (AdS)
based method has been utilizing the self and mutual information whereas the
subarray-based method utilizes only the self-information of two subarrays.

The eigenvalue decomposition (EVD) of R, yields

~

LB (2.65)

=)

R,=E,D,E +E,

~

where E 2 [e,,e,,..., ey] € C1HNIxM and
E, 2 [eys1, €niar--o) €uyen,] CHTHNDX((NtN2)=M) contains the signal-
and noise-subspace eigenvectors of R, corresponding to the eigenvalues
in the diagonal matrix D, 2 diag{x{,%z ...y} and
D, £ diag{Xpy+1, 2 m+2,---Nvy+n, - Furthermore, the signal subspace and
directional vector of the source signals span the same space and are
orthogonal to the noise subspace. As a result, the directional vector can be
used in the search for all possible angles across the noise subspace to
determine the DOA of the transmitted source signals, and the adjoined

subarray (AdS) MUSIC pseudo spectrum is given by

faas-—music(6) = H (2.66)

1
[a1(6) a2(6) 1 En Eff [a17(8) 2,7 (6)
Thus, the angles (8) corresponds with the highest peaks of
Faas—music(0) are the DOA of the transmitted source signals. In
(He et al. 2020), a polynomial rooting extension of adjoined subarray (AdS)
MUSIC is proposed to improve resolution with reduced computational
complexity. The estimation results with the associated observations on the

existence of ambiguity, DOF and complexity of the above-aforementioned
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methods such as subarray-based methods (Zhou et al.2013; Sun et al.2015;
Zhang et al. 2017; Liu et al. 2018; Yan et al. 2018) and adjoined subarray-
based methods (Zheng et al.2018; He et al.2020) in the case of pair-matching
ambiguity for GCLA are summarized in Table Al.1 of Appendix 1.

2.5.2 Grating-Angle Ambiguity

DOA estimation performance has a significant influence from the
array directional vector a(é,,), which contains information about the DOA
parameter 6,, (Tuncer et al. 2009). Generally, the unique solution of the DOA
estimation is assured if the mapping of the DOA parameter 8,,e R! to array
directional vector a(8,,)e CV is one-to-one by having array directional matrix
A as full rank i.e., rank(A) = M (Manikas 2004). Due to the large inter-
element spacing of each subarray in GCLA and UCLA, the one-to-one
mapping is not assured and arises a problem of ambiguity in estimating the
true DOA:s.

A
]
s

, A =[a(8;)a(f;)...a(0y)]
,/” Signal !

" Subspace a(g

Noise

___________________
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Specifically, both GCLA and UCLA suffer from a type of array
ambiguity known as grating-angle ambiguity, also known as directional
matrix ambiguity or non-trivial ambiguity (Liu et al.2013). It occurs when the
directional vector a,(6,,) and a,(6,,) of both the subarrays are identical for
different direction angles and resulting in columns of A that are linearly
dependent i.e., rank(A) < M. For instance, consider 6, & ©; VO = {6,,}111,
the array directional vector of 6, belongs to the signal subspace spanned by
the columns of A such that a(6,) € L[A] where 6, is the grating
(ambiguous) angle as shown in Figure 2.8. It happens due to the linear
dependence of array directional vector a(eg) on the array directional vectors

of A and it is expressed as

M
a(eg) = z Xy a(6,,) =1 a(0;) +%; a(6,) + .+ a(6y) (2.67)

m=1

Alternatively, Equation (2.67) can be written as

[al(eg ] ety [20)] o, [ %) 20 (268)

+...+X [
a, (Qg a,(0;) a (92)] " la,(6y)
where o, represents the constant coefficient.

The problem of grating-angle ambiguity is seen with the use of

Gram matrix G(8)e €/ */ (Nannuru et al.2017) and it is given by
G(8) = a"(8) a(0) (2.69)

The Gram matrix is computed for each 6 € (—90°, +90°) and it is
given by =-90°+ (j—1) A8 ; j=1,2,3,...,], where A0 is the angular
separation. For instance, if A@ = 1°then J = 181, and if A6 = 0.1° then
J = 1801. Using Equation (2.69) with A8 = 0.1°, ] = 1801, the Gram
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matrix G(6) is computed for ULA having Ny, = 11 with the inter-sensor
spacing of dy 4 = % Figure 2.9 shows each angle having one major lobe (no
spatial aliasing). Whereas, for UCLA having N = 11i.e., Ny =5and N, =7
with its inter-element spacing d; = 72 and d, = s2 respectively, resulting in
one main lobe for each angle and side lobes with substantial strength (spatial

aliasing), as depicted in Figure 2.10.

10
8
oS 6
(]
&©
o 4
= .
<. >
0
-2

-9-(2)0 =70 =50 30 -10 10 30 50 70 90
Angle (deg)

Figure 2.9 Gram matrix of ULA (Nyy, = 11 with dy, = %)

. g = 8
2 = : - 6

4
e o 49 4/ v 17 —18
4 & Cac i & e e L g

L it
=70 -50 30 -10 10 30 50 70 90
Angle (deg)

Angle (deg)

Figure 2.10 Gram matrix of UCLA (N=11i.e.,N;=5 and N, =7
with dl = 7% and d2 = 5%)

The subspace-based method for DOA estimation demands that the

signal eigenvectors and directional vectors of the source signals should span
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the same subspace. However, UCLA's non-uniform linear array design leads
to the existence of a set of direction angles with linearly dependent directional
vectors. As a result, directional vectors that are not associated with true DOAS
also reside in the signal subspace, resulting in an ambiguous estimate. This is

referred to as the grating-angle ambiguity problem (Tan et. al 2002).

For instance, consider a UCLA having N =11 i.e,, N; =5 and
N, = 7 with its inter-element spacing d; =72 and d, = s2 respectively.
For this design, the set of direction angles
{10.00°,27.35°,35.01°,59.25° },{20.00°,38.88°,47.90°,-76.47°} and
{12.37°,30.00°,37.92°, 64.16° } that satisfies Equation (2.68) is given by
a,(6,) = a,(63) ; a,(01) = a,(6,); a,(0,) = a;(6,) and a,(6,) = a,(65)
(Xiao et al. 2019). As a result, the directional vector of each four angles can

be linear dependent on the other three directional vectors and it is given by

[al(egmb)]__[al(ea] [al(ez)] [a1<93> (2.70)

az(efmb) — lay(6y) a,(6,) a,(63)
Here 64" is the grating (ambiguous) angle (6,).

Different examples are considered for the purpose of illustration of
the grating-angle ambiguity. Firstly, assume M = 3 transmitted source signals
impinges on GCLA with N = 11 elements (N; =5,N, =7) from the
direction 6, = 12.37°,6, = 30.00° and 8; = 37.92° under signal-to-noise
ratio (SNR) of 10 dB and a snapshot of K = 200. The method proposed in
(Zhou et al.2013) exhibits overlapped peaks for a set of angles that includes
true DOAs such as 8; = 12.37°, 8, = 30.00° and 8 = 37.92 °as well as
ambiguous angles such as 0¢™ = 64.16° as shown in Figure 2.11.
Similarly, the partial spectral search-based method (Sun et al.2015) also

suffered from this ambiguity problem. The polynomial rooting-based methods
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suggested by (Zhang et al. 2017; Liu et al. 2018; Yan et al. 2018) result in
more than M = 3 common roots i.e., 4 roots (closer to unit magnitude) related
to 6, = 12.37°, 8, = 30.00°, 6; = 37.92° and B¢™" = 64.16 ° leading to

an ambiguous estimate of true DOASs and it can be seen in Table A1.2 of

Appendix 1.
10> 5
7 oo True DOAs Ambiguous
— 10" = Subarray 1 MUSIC Spectrum Estimite
E) : Subarray 2 MUSIC Spectrum
35 10° 4 b
£ =
O —
Z 10" o
o 3
=] 4
= 102 5
2, 3 :
g i 18
<107 5 : ‘ /
10 4
L L I B L B O B L R

-90 -75 -60 -45-30-15 0 15 30 45 60 75 90
Angle (degree)

Figure 2.11 The problem of grating-angle ambiguity in GCLA for the
caseof M = 3

Now, assume M = 3 transmitted source signals impinges on UCLA
with N = 11 elements (N; = 5,N, = 7) from the direction
6, = 10.00°,6, = 27.35°and #; = 35.01°under  signal-to-noise  ratio
(SNR) of 10 dB and a snapshot of K = 200. The UCLA- MUSIC estimator
(Zheng et al.2018) is expected to exhibit the three highest peaks at the true
angle location of the spectrum. However, the issue of grating-angle ambiguity
leads to the UCLA-MUSIC estimator in the exhibition of significant
peaks at true and ambiguous angle locations i.e.,
Otrue = {10.00°,27.35°,35.01° }and 6, = {59.25°} as shown in
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Figure 2.12. Likewise, the method (He et al.2020) also exhibits more than
three roots that lie inside the unit circle with the largest magnitude i.e., three
signal roots related to 6,,.,, = {10.00°,27.35°,35.01° } and one ambiguous
root related to 8, = { 59.25° } and it can be seen in Table A1.3 of Appendix 1.

E Ambiguous
1 | True DOASs Estimate
T Zheng er al.2018 A

[a—
=)
[}

11 Illllll

11 IlIIlIl

Amplitude (Normalized)
>

o
<

| lllllll

—
=)
=
i

T [ T | T | T | T I T I l I T | T | T | T [ T
-90 -75 -60 -45 -30 -15 0 15 30 45 60 75 90
Angle (degree)

Figure 2.12 The problem of grating-angle ambiguity in UCLA for the
caseof M = 3

Similarly, consider M =6 transmitted source signals from
the direction 6, = 10.00°,6, = 27.35°,60; = 35.01°,6, = 30.00°,6; =
12.37°,60, = 64.16° with an SNR of 10 dB and a snapshot of K = 200. The
UCLA-MUSIC estimator (Zheng et al.2018) is expected to exhibit the six
highest peaks at the true angle location of the spectrum. However, the issue of
grating-angle ambiguity leads to the UCLA-MUSIC estimator in the exhibition
of significant peaks at true and ambiguous angle locations i.e., 84y =

{10.00°,27.35°,35.01°,30.00°,12.37°, 64.16° }and
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6, = {59.25°,37.92° } as shown in Figure 2.13. Likewise, the method (He et
al.2020) also exhibits more than six roots that lie inside the unit circle with
the largest magnitude i.e., six signal roots related to
0,740 = {10.00°,27.35°,35.01°,30.00°,12.37°,64.16°}  and  two
ambiguous roots related to 8, = {59.25°,37.92° }. In both cases, the method
suggested by (Zheng et al.2018) shows peaks at ambiguous angle locations as
noticeably high compared to the peaks of the true angle locations, resulting in
indistinguishability of the ambiguous peaks and leading to the ambiguous
estimation of true DOAs. Similarly, the method suggested by (He et al.2020)
shows the roots related to ambiguous angles as significantly high compared to
the roots related to true angles, resulting in the indistinguishability of the

ambiguous roots and leading to the ambiguous estimation of true DOAs.

10° ,
0 Ambiguous

True DOAs (M= 6) . / \ Estimate

Zheng et al.2018 (M= 6)

—
<
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p—
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—
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Angle (degree)

Figure 2.13 The problem of grating-angle ambiguity in UCLA for the
caseof M =6
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The "beamformer-like" approaches proposed by (Yang et al.2019;
Huang et al.2021) help resolution of the grating-angle ambiguity where the
Classical Beamforming (CBF) approach is utilized in the identification of the
true DOAs and ambiguous angles resulting from the MUSIC method based on
the CBF power values. However, it fails to resolve the ambiguity when the
DOA of the transmitted signals from multiple sources are closely distributed.
It also involves high computational complexity due to the spectral searching
process and offers lower estimation performances in terms of reliability,
accuracy and angular resolution.

To illustrate this, consider M = 5 (closely spaced case) transmitted
source signals from directions 8, = 10.00°,6, = 27.35°,0; = 35.01°,60, =
57°,60s = 62° impinges on UCLA with N = 11. Figure 2.14 (a) shows that
the UCLA-MUSIC spectrum exhibits peaks at the true and ambiguous angle
locations i. e., 6, = {10.00°,27.35°,35.01° } and 6, = { 59.25° } under
SNR of 10 dB and a snapshot of K = 200. Figure 2.14 (b) and Table 2.1
clearly show the CBF power at a grating (ambiguous) angle 6, = 59.25° as

substantial in comparison with the CBF power of true DOAs.

=] 1 Ambl ous Estimate
AN 100 True DOAs e Y
g 10 —— UCLA-MUSIC
S 10t - [ Spectrum
~ 1072 (Yang ef al.2019)
2 107
£ 10 PN AN
<
105 | T | T | T | T | T | T | T I T | T I T | T | T

-90 -75 -60 -45 -30 -15 0 15 30 45 60 75 90
Angle (degree)

(@)

Figure 2.14 (Continued)
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Figure 2.14 (a) The UCLA-MUSIC spectrum for the case of M =5
(b) The CBF power spectrum for the case of M =5

Table 2.1  DOA estimation result of the Yang et al.2019 method for the
caseof M =5
Generated
Set of True True True True True Ambiguous
Angles 0 . 9250 593 . 5940 950 6,
10.00° | 27.3 35.01 7 62 59 250
Oycra-music| 10.00° | 27.35° | 35.01° 57° 62° 59.25°
Pogr 0.6805 | 0.8611 | 0.4930 | 0.5277 | 0.4444 0.5486
True or )
] True True True True |Ambiguous True

Ambiguous

The estimation results with associated observations on the existence

of ambiguity, DOF and complexity of the above-aforementioned methods:
subarray-based methods (Zhou et al.2013; Sun et al.2015; Zhang et al. 2017,
Liu et al. 2018; Yan et al. 2018) and adjoined subarray-based methods (Zheng

et al. 2018; He et al.2020) in the general case of grating-angle ambiguity for
GCLA are summarized in Table Al.2 of Appendix 1. Similarly, the

estimation results with associated observations on the existence of ambiguity,

DOF and complexity of the above-aforementioned methods: subarray-based

ANNA UNIVERSITY, CHENMAIL - 600 023




52

methods (Zhou et al.2013; Sun et al.2015; Zhang et al. 2017; Liu et al. 2018;
Yan et al. 2018), adjoined subarray-based methods (Zheng et al. 2018; He et
al.2020) and beamforming-like methods (Yang et al.2019; Huang et al.2021)
in the general and closely distributed cases of grating-angle ambiguity for
UCLA are summarized in Table Al.3, Table Al.4 and Table A.15
respectively of Appendix 1. Table 2.1, Table Al1.4 and Table A1.5 show the
failure of the beamforming-like method involving CBF (Yang et al.2019;
Huang et al.2021) to distinguish the true DOAs and results in the ambiguous

estimation of true DOASs.

2.6 CRAMER-RAO LOWER BOUND (CRLB)

This section briefs the Cramer-Rao lower bound (CRLB) for
GCLA and UCLA. The CRLB is one of the important tools used in parameter
estimation problems providing the lower bound on the accuracy of unbiased
estimators (Cramer 1951). In DOA estimation problems, CRLB is considered
as one of the key performance metrics in the assessment of the accuracy of
unbiased DOA estimators (Stoica et al.1990). According to (Zheng et al.
2018), the CRLB for GCLA is given as follows

2 ~ —~ -1 ~ T -1
CRLBgeua = 2{R[U @ (Ry AouaRy Ageua R )] | (2.71)

where

Accia =[] = (AT AT 1"=[a(6) a(9,)...a(0,)]

U= AIgCLA [I - AGCLA(AlgCLAAGCLA)_1AlgCLA]AGCLA

Ry = Agcra Rs Al i+ 021

g@@ ANNA UNIVERSITY, CHENNAI - 600 023




9AgcLa
a0

and a(o,,) =

53

K
R, = %; s(t) s"(t)

Here, A.c.4 is the first-order derivative of Agcia i. €., Agcpa =

da ()
00

where a(6,,) = [a,"(0,) a,"(6,) 1", R[]

represents the real part and €@ denotes the Hadamard product. Similarly, the

extension of CRLB for UCLA is straightforward and is given as follows

2.7

2 ~ —~ -1 A T -1
CRLBycys = 2 [U @ (Ro AR Apea RS | 272)

U= A@CLA [I - AUCLA (AZCLAAUCLA)_1AII-I]CLA]AUCLA

. : ] 5 da(6,) 0a(83) 9a(0y)
Aycra = [a(61) a(6y)...a(0n)] = [ 2911 2922 291\7

Ry = Aycia R Af 0+ 021
K
R, =2 ) s()s"(0)
s = Kt_ls s

SUMMARY

This chapter has provided the groundwork for the rest of the thesis

by addressing ambiguity concerns in DOA estimation using GCLA and

UCLA. Initially, a description of the ULA design has been provided with its

mutual coupling impacts via weight function. Then, the mathematical

description of the received signal model, and the concept of spatial sampling

for the choice of inter-element spacing in ULA have been discussed. A
description of the design of GCLA and UCLA has been provided with its

mutual coupling impacts and sparsity via weight function. It is shown that,

compared to GCLA, the UCLA design has enhanced effective array aperture
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and mitigates the mutual coupling effects. Then, the mathematical description
of the received signal model and DOA estimation with GCLA and UCLA is
discussed. The DOA estimation with UCLA offers better estimation
performance than GCLA due to the enlarged effective array aperture of
UCLA over GCLA. Finally, the comprehensive investigation of ambiguity
problems such as pair-matching and grating-angle in DOA estimation
associated with GCLA and UCLA has been discussed. Since ambiguity
problems are crucial in DOA estimation, the following chapters focus on
resolving ambiguity problems with superior estimation performances in terms
of reliability, accuracy, and angular resolution with low computational

complexity and execution time.
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CHAPTER 3

AMBIGUITY ELIMINATION METHOD BASED ON THE
ESTIMATION OF SOURCE POWER

3.1 INTRODUCTION

The ambiguity issues in DOA estimation with co-prime linear
arrays have been discussed in chapter 2. As a result, there is a potential need
to address the critical issue of grating-angle ambiguity in estimating the
direction-of-arrival (DOA) parameter with unfolded co-prime linear array
(UCLA). In the proposed method, the true DOAs are distinguished from
ambiguous estimates obtained from UCLA-MUSIC using the estimated
power of the source signals. The source power function based on the signal
subspace eigenvalues and its associated eigenvectors has been derived to
estimate the power of the source signals. Simulation studies are carried out to
validate the proposed method's performance in terms of estimation accuracy

and reliability.

3.2 SIGNAL MODEL

Consider, M (M < N) far-field source signals from directions
0 = {6,,}_, impinging on N element UCLA with the field-of-view (FOV)
such that 6,, € (—90°, +90°) as shown in Figure 2.6 of chapter 2. Then, the

observed array output received signal vector xy-.4 (t) € CV*1 of UCLA is

given by
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Xycra (6) = Aycra s (£) +n (0) (3.1)

where Ayc, =[a(8,) a(8,)... a(8,)]eC'*M represents the array

directional matrix and a (8,,) = [al(6,,) al(8,,)]Te CN*1 represents the
array directional vector of UCLA. The directional vector of a,(6,,) and

a,(6,,) in UCLA can be expressed as

a,(0,,) = [1, eImNzsinOm) e—jnNz(Nl—l)sin(Gm)]T (3.2)

a, (Hm) = [e_jn'(Nz(Nl—l)"‘Nl) sin(@m)’ o, e—f”(Nz(N1—1)+N1(N2—1)) sin(Gm)]T(3.3)

As aresult, a (8,,) e CV*1 of UCLA can be written as

a (em) — [1’ e—jnNz sin(@m), o e—jnNz(Nl—l) sin(em)’ e—jn(NZ(N1—1)+N1) sin(em)'

., @I (N2(N1=1)+N; (N2=1))sin(0m) | T (3.4)

s (t) = [s1(t) s,(t)... sy ()] € CM*1 represents the vector of emitter signal
amplitudes and n(t) = [ny(t) ny(t)...ny_,(t) ]Te CV*1 represents the zero-
mean additive white noise with covariance E{n(t)n¥ (t)} = 21, where o2
is the noise power and I, denotes the N x N identity matrix (Zheng et al.

2018). The observed array output received signal vector x4 (£) € CV*1 of

UCLA can be expressed as follows

Xycra (£) =
[ 1 1 1 1
| e—]n:Nz sin(641) e—jrch sin(6m) e—]nNz sin(Op) |
| e—ﬂTNz(Nl 1) sin(61) e ~JmN2(N1=1) sin(6m) e—]ﬂNz(N1 1) sin(6pm) |
| o-imva(v;- D) sin(6s) oI (Na(N1=1)+N1) 5in(6m) e Im 2N+ sin(@n) I
L; —Jjr(N2(N1— 1)+N1(N2 1))sin(61) g —Jjm(N2 (N1~ 1)+N1(Nz D)sin(0m)  p—jm(Nz(Ny- 1)+N1(N2 1))5”1(9M)J

s1(t) no(t)
S, (t) + nq (t) (35)

su®] g ®
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The signal model given in Equation (3.5) is seen as similar to the

signal model given in Equation (2.49).
3.3 PROPOSED METHOD

This section describes the method proposed for the elimination of
the ambiguous angles estimated from the UCLA-MUSIC. UCLA is

considered as a single-array design, and so the covariance R, € CVXV of the

received signal xyc.4 (t) € CV*1 s directly obtained instead from two

subarrays separately and it is given by

Ry = E{Xycra(t) Xycra(t)}
= Aycra R AIIJJCLA + O}%IN (3.6)

where Ry= E{ss'’} denotes the source covariance matrix, ¢ is the noise
power and I, denotes the N x N identity matrix. In practice, the actual
covariance matrix R, is unknown, therefore its sample estimate R, is
computed for K snapshots and it is given by

R, ﬁz] (3.7)

K
Ry = %Zl Xycra(t) Xicra(t) = [ﬁ3 R,
Here, the array covariance R, inherently contains the self and
mutual information of two subarrays due to the utilization of the entire array.
It can be seen via the block matrices such as R;, R, are the array auto-
covariance and R, R; are the array cross-covariance of two subarrays in R,

of Equation (3.7) (Zheng et al. 2018). The eigenvalue decomposition (EVD)
of R, yields

R,=E,D,E! +E,D,E! (3.8)

g@@ ANNA UNIVERSITY, CHENNAI - 600 023




58

where E 2 [e;,e,,...,e ] e CV*Y and E, 2 [ey11,€m12..., 5] CVXNM

contains the signal- and noise-subspace eigenvectors of R, corresponding to the
eigenvalues in the diagonal matrix D, 2 diag{>;,%,,...,xy} and D, 2
diag{> 41, p+2,---,xn}. Furthermore, the signal subspace and directional
vector of the source signals span the same space and are orthogonal to the
noise subspace. As a result, the directional vector can be used in the search for
all possible angles from —90°to +90° across the noise-subspace to
determine the DOA of transmitted source signals, and the UCLA-MUSIC

pseudo spectrum is given by

P 1 1
fUCLA—MUSIC(e) - aH () Ey, Erl-ll a(6) - ||E71'11 a(o) ||2 (39)

Thus, the angles () corresponding with the highest peaks of

Fucra—music(6) are the DOA of the transmitted source signals.

In the case of grating-angle ambiguity, the fycra—music(6) fails to
exhibit the highest peaks at true DOAs as illustrated in section 2.5.2 of
chapter 2. A source covariance function is derived for distinguishing and
eliminating the ambiguous angles from the initial estimate of UCLA-MUSIC.
To start with, using Equation (3.6), the source covariance matrix Ry can be
expressed as R,= E{ss”} and it is generally unknown in practice. Thus, a
relation is established through consideration of only the contribution of source
signals using Equations (3.6) and Equation (3.8) and it is given by

=~ ~ ~ a H
AUCLA Rs AIl-IICLA = EstEs (310)

Upon multiplying E and B, "to Ay, R, Ao, in Equation (3.10) results in

~ H ~ ~ . ~
Es Aycia Rs AflciaEs = diag {x; X, ...xy} = D (3.11)
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Equation (3.11) allows for the following derivation of R and it is given by
—~ ~ H -1 __ oon—1
Rs = (Es AUCLA) Dg (AI(-.IICLAES) (3.12)

The diag{R,} contains the estimate of the power of the transmitted
source signals. In the case of grating-angle ambiguity, the fycra—music(6)
exhibits more than M highest peaks given by L (L = M). Assume the total
number of peaks exhibited by fycia_music(0) is given by T (T > L). Now,
for the computation of the total number of highest peaks L (L = M) from the
total number of peaks T (T > L) exhibited by fycra—music(8), the amplitudes
of the T peaks are sorted in descending order and it is given by y, >y, >
...> yr. The angles associated with y;, y,,..., yr can be indicated as 6,,

0,,..., 8. The total number of L (L > M) highest peaks can be computed by

L = arg max D(u) (3.13)
u

where D(u) = % u=123,...,T — 1. Here, the D(u) result is low
u+1

when both the y,, and y,,,; are nearly equal, while D (u) result is high when
v, Is low and y,, ., is high and vice versa. Then, the angles associated with the

highest peaks L (L < T) exhibited by fyycr.a—music(68) can be represented as
0 = {6,}i-, (3.14)

The existence of ambiguity can be confirmed through the use of the
following conditions (i) if L > M then ambiguity exists (ii) if L = M then
ambiguity does not exists. In the case of ambiguity, the set of possible

combinations of angles can be obtained and it is given by

0 = {ei,p}rzl, i=12,...h (3.15)
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L! . ... .
where h = (= TG 6;, can be obtained from the initial estimate (0)

and it is given by
0;p = O[(p — i).] (3.16)

where (-), is the modulo operation i.e., (p —i), = (p —i) mod L. The
equivalent array directional matrix A%, for ©' can be computed and

expressed as
Al =14(0;,) 4(0;5)....4(0; )], i=12,...,h (3.17)

The signal source power function (matrix) Ry for each A%, , can

be computed and it is given by
o~ ~ H~: -1 —~ —~:H ~ -1
Rs = (Es ALUCLA) D (ALUCLA Es) (3.18)

Because the diagonal of R. comprises the estimate of the power of

the transmitted source signals, the trace (R%) is computed and it is given by
w; = trace (R) (3.19)

The index of minimum value of w; can be used for getting the
source covariance matrix Rj related to the transmitted source signals and it

can be expressed as

r = arg min (w;) (3.20)
l

Finally, the M true DOASs can be obtained through the utilization of
the index (r) and it is given by

@)
I

= {0, (3.21)
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Thus, the M true DOAs of the transmitted source signals can be
obtained without ambiguity from ® defined in Equation (3.21). Table 3.1

summarizes the steps of the proposed method.

Table 3.1 Steps of the proposed method

Step1 |Estimate the sample covariance matrix R, using Equation (3.7)

Step2  |Perform EVD on R, and obtain the E, E, and D..

Step 3 |Using pseudo spectrum fycpa—music(0) in Equation (3.9) obtain the
initial estimate © = {6,}*_,

Step4  |Construct the equivalent array directional matrix A%, , for © using
Equation (3.17)

Step 5  |Obtain the source covariance matrix RE for each AY, ., , using
Equation (3.18)

Step 6  |Find the R corresponds to the true DOAs using Equation (3.19)
and Equation (3.20)

Step 7 |Obtain the M true DOAs using Equation (3.21)

3.4 SIMULATION RESULTS AND DISCUSSION

This section details the simulations used for validation of the
proposed method’s estimation performances in terms of reliability and

accuracy.
34.1 Estimation Reliability

To show the estimation reliability of the proposed method, two
cases are considered such that case 1: M = 3 and case 2: M = 6. In case 1 of
M =3 transmitted source signals from directions 6, = 10.00°,0, =
27.35°,0; = 35.01° impinges on UCLA with N = 11 under the SNR of 10
dB and a snapshot of K = 200. Figure 3.1 and Figure 3.2 show the failure of
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the method (Zheng et al. 2018) and method (He et al.2020) in the consistent
estimate of the true DOAs for 10 unbiased simulation trials. The method
proposed by (Zheng et al. 2018) helps estimation correctly only once due to
the exhibition of highest peaks at true DOASs, whereas it fails in the remaining
simulation trials due to the exhibition of the highest peaks at 6,,,,, = 59.25°
instead of 6, = 27.35°.The method (He et al.2020) estimates correctly
twice, whereas it fails in the remaining simulation trials due to the existence
of ambiguous roots related to 6,,,, = 59.25° that lie close to the unit circle.
In contrast, Figure 3.3 shows the proposed method overcoming the problem
of grating-angle ambiguity and successfully estimating the true DOAs for all

10 unbiased simulation trials.

15
i True DOA (M =3)
1 * Zheng et al. 2018 (M= 3)
1 * * *
s 9 # * *
= * * *
S 1 = e *
§ 6 - * * *
< * * *
1 » * *
34 * * *
* * *
1 * *
0 1
| T l T l I | T | T I T

10 20 30 40 50 60 70
Angle (degree)

Figure 3.1 Estimation reliability of Zheng et al. 2018 method for the
caseof M = 3
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Figure 3.2  Estimation reliability of He et al.2020 method for the case of
M=3
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Figure 3.3  Estimation reliability of the proposed method for the case of
M=3
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Consider case 2 of M =6 transmitted source signals
from directions 8, = 10.00°,6, = 27.35°,0; = 35.01°,6, = 30.00°,6< =
12.37°,0, = 64.16° impinges on UCLA with N = 11 under the SNR of 10
dB and a snapshot of K = 200 for demonstration of the superiority of the
proposed method. Figure 3.4 shows the method proposed by (Zheng et al.
2018) fails in the estimation of true DOAs due to the existence of the highest
peaks at 6., = {59.25°,37.92°}. Figure 3.5 shows the failure of the
method (He et al.2020) due to the existence of ambiguous roots related to
0amp = {59.25°,37.92°} that lie closest to the unit circle. However, the
proposed method vyields a reliable estimation of true DOASs consistently
without any ambiguity as shown in Figure 3.6. It is worth noting that the
proposed method achieves superior estimation reliability compared to the

existing methods even if the number of transmitted signal sources increases.

15
| True DOA (M= 6)
1 * Zhengetal 2018 (M= 6)
IE X *hk & *
S 94 4% * & * &
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< * * * % * &
KT S * & *
34 %% * * * *®
* & * * % *
IE'T * * * &
0 —
‘ T | T | I | T | T | T

10 20 30 40 50 60 70
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Figure 3.4 Estimation reliability of the Zheng et al. 2018 method for the
caseof M = 6

g@@ ANNA UNIVERSITY, CHENNAI - 600 023




]-5 I 1 | I | |
1 | — True DOA (M= 6)
. ¥ Heetal 2020 (M= 6)
»
g 94
e ) E »*
o E
5 6 »
= | »*
E *
3 — »
| E
*
0 —
10 20 30 40 50 60
Angle (degree)

70

65

Figure 3.5 Estimation reliability of the He et al.2020 method for the
caseof M =6
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Figure 3.6  Estimation reliability of the proposed method for the case of
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3.4.2 Estimation Accuracy

To show the estimation accuracy of the proposed method with
method (Zheng et al. 2018) and method (He et al.2020), a performance metric

called Root mean square error (RMSE) is used and it is expressed by

M Q
1 ~ 2
RMSE = 7T} Z Z(em,q —0p) (3.22)

where 8, , is the estimate of m**DOA at ¢** Monte-Carlo simulation trial of

its total Q and 8, is the m*" true DOA. Firstly, RMSE is evaluated for
different SNR (dB) varying from —20 to 20 with the step of 5 for Q = 500
Monte-Carlo simulation trails. Considering case 1 of M = 3 transmitted
source signals from directions 6, = 10.00°,6, = 27.35°,0; = 35.01°
impinges on UCLA with N = 11 under the fixed snapshot of K = 200.
Figure 3.7 shows the proposed method outperforming the existing method
(Zheng et al. 2018) and method (He et al.2020) by offering better estimation
accuracy. Furthermore, the proposed method closely follows the limits of the

Cramer-Rao lower bound (CRLB) even at low SNR levels.

Evaluation of RMSE has been done for case 2 of M = 6 transmitted
source signals from directions 6, = 10.00°,6, = 27.35°, 6; = 35.01°,0, =
30.00°,65 = 12.37°,0, = 64.16° impinges on UCLA with N = 11, under
a fixed snapshot of K = 200 for demonstration of the superiority of the
proposed method. Figure 3.8 shows that the proposed method exhibits better
estimation accuracy compared to the method (Zheng et al. 2018) and method
(He et al.2020) as the SNR increases and also closely follows the limits of

CRLB.
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Finally, evaluation of RMSE has been done for different snapshots
with variations from 30 to 1100 with fixed SNR of 10 dB for the above-
mentioned case 1 of M = 3 and case 2 of M = 6 source signals. Figure 3.9
and Figure 3.10 show the proposed method’s RMSE as lower compared to the
method (Zheng et al. 2018) and method (He et al.2020). Furthermore, the
RMSE performance of the proposed method closely follows the limits of the

CLRB even at the lower number of snapshots.

o [T
] —#«— Zheng et al. 2018 (M = 3)
_ 1 —%— He er al. 2020 (M =3)
§ 10° — —¥— Proposed Method (M = 3)
5y E —%— CRLB (M= 3)
e ]
é’ I
10_1—:
ZN\*\#** B
. MWW
10_2 |I|I|I|I|I|I|I|I|

20 -15 -10 -5 0 5 10 15 20
SNR (dB)

Figure 3.7 RMSE versus SNR for the case of M = 3
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Figure 3.8 RMSE versus SNR for the case of M = 6
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Figure 3.9 RMSE versus snapshots for the case of M = 3
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Figure 3.10 RMSE versus snapshots for the case of M = 6
35 SUMMARY

In this chapter, a method has been proposed for the resolution of
the critical issue of grating-angle ambiguity in the estimation of the DOA
parameter with UCLA. The proposed unambiguous DOA estimation method
incorporates an initial estimation of DOAs through UCLA-MUSIC. The true
DOAs are distinguished from ambiguous estimates obtained from UCLA-
MUSIC with the use of the estimated power of the transmitted source signals.
The source power function based on the signal subspace eigenvalues and its
associated eigenvectors has been used in the estimation of the power of the
source signals transmitted. The proposed approach distinguishes and detects
the true DOAs successfully without any ambiguity. The simulation results
guarantee the outperformance of the proposed method over the existing
methods through the exhibition of superior estimation in terms of reliability

and accuracy.
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CHAPTER 4

AN IMPROVED POLYNOMIAL ROOTING-BASED
METHOD FOR HIGH-RESOLUTION UNAMBIGUOUS
DOA ESTIMATION

4.1 INTRODUCTION

Despite the method based on the source covariance function
proposed in chapter 3 successfully resolving the ambiguity problem, the
estimation performances are limited in terms of angular resolution. It also
involves high computational complexity due to the spectral searching process
involved in UCLA-MUSIC (Zheng et al. 2018). An improved polynomial
rooting-based method has been proposed for overcoming the limitations of the

aforementioned method and for the resolution of the ambiguity problem.

The proposed method derives a polynomial function for DOA
estimation with UCLA based on the orthogonality between the noise subspace
eigenvectors and array directional vectors spanned by the signal subspace. A
signal power function based on spatial filtering is established for the selection
of the signal roots that are related to true DOAs over ambiguous roots for
circumventing the grating-angle ambiguity. A maximum signal power
function based on the second-order differential counterparts of the signal
power function is proposed for the enhancement of the angular resolution
capability of the signal power function in resolving DOAs of closely spaced
signal emitters. The error analysis is carried out for establishing the

achievement of better estimation accuracy by the proposed method that
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closely follows the fundamental limits of the CRLB. The proposed method
overcomes the grating-angle ambiguity and estimates the true DOASs
successfully with improved estimation performances in terms of reliability,
accuracy and angular resolution involving low computational complexity.
Finally, the simulations have been performed to show the effectiveness and

superiority of the proposed method.

4.2 SIGNAL MODEL

Consider, M (M < N) far-field source signals from directions
0 = {6,,}*_, impinging on N element UCLA with the field-of-view (FOV)
such that ,, € (—90°, +90°) as shown in Figure 2.6 of chapter 2. Then, the

observed array output received signal vector x4 (n) € CV*1 of UCLA is

given by
Xycra (M) = Aycras (n) +v (n) (4.1)

where Aycs =[a(8,) a(6,)... a(0,)]eC'*™ represents the array

directional matrix and a (9,,) = [a](8,,) al(8,,)]"e CN*1 represents the
array directional vector of UCLA. The directional vector of a,(6,,) and

a,(6,,) in UCLA can be expressed as

a,(0,,) = [1, e~ JmN2sinOm) g =imN2(N1=1)sin(0m)|" 4.2)
a,(0,,) = [ /WM D+ND sinOm) | o=Jm(N2(N1=1)+N3 (Nz=1)) sin(em)]T
(4.3)

As a result, a (0,,) e CV*! of UCLA can be written as

a (Qm) =1, e JTN2 sin(@m), . e ~JmN2(N1—1) sin(@m), e JT(N2(N1=1)+Ny) sin(em)'

., e JT(N2(N1=1)+N1(N2-1) )sin(@m)]T (4.4)
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s (n) = [s;(n) s,(n)... spy(n)]T e C¥*1 represents the vector of emitter
signal amplitudes and v(n) = [vy(n) v;(n)...vy_;(n) [Te CV*1 represents
the zero-mean additive white noise with covariance E{v(n)v# (n)} = oI,
where ¢ is the noise power and I, denotes the N x N identity matrix (Zheng

et al. 2018). The observed array output received signal vector

Xycra (n) € C¥*1 of UCLA can be expressed as follows

Xycra (M) =
1 1 1
e—jerz sin(641) e —JTTN, sin(6,) e —JTtN, sin(0py)
e~ JmN2(N1=1) sin(61) e~ JmN2(N1=1) sin(6m) e~ JTN2(N1=1) sin(0)
e ~Jm(N2(N1—1)+N1) sin(6;) e ~Jm(N2(N1—1)+N1) sin(6m) e~ JT(N2(N1—1)+N1) sin(6p)

| =i (N1 = 1)+ Ny (N2 ~1) )i (81) = I (N5 (N3 =D Ny (Nz=1))sin(Brm) = (N2 (N3 =1)+Ny (N3 =1))sin(On) |

s1(n) vo(n)
lSZ@) +l V1§n) }

sum] Loy

(4.5)

The signal model given in Equation (4.5) is seen as similar to the

signal model given in Equation (2.49).
4.3 PROPOSED METHOD

The estimated covariance matrix R, e C¥*N of the array output

received signal vector x4 (n) with K snapshots can be expressed as

K

_ 1

Ry = Ez XycLa (ni)XZCLA (n;)
i=1

1

= % Xuvcra XII}ICLA

_ R R (4.6)
R; R, '
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where Xycra = [Xucra(a), Xpcra(mz), ..., Xyera(ng) 1 € CV*¥, block
matrices such as R;, R, are the array auto-covariance and R,, R; are the
array cross-covariance that contain the self and mutual information of two
subarrays respectively. The eigenvalue decomposition (EVD) of R,
results R, = EDE" = E;D,E¥ + E,D,E#, where E=[E,E,], E;=
[e;e,....,eu]l eCV*Mand  E, 2 [eyi1, €442, -..,ey] CYX¥N~M contains
the signal- and noise-subspace eigenvectors of R, corresponding to the
eigenvalues in the diagonal matrix D, 2 diag{>;,>,,...,.xy} and D, 2
diag{>™y 41, m42,---,»n}. Here, E = [E, E,] is a unitary matrix, hence the
signal subspace E, and noise subspace E,, are orthogonal to each other i. e.,
EYE, 2 0. The co-prime property and joint utilization of self and mutual
information of two subarrays in UCLA allows the space spanned by E and
columns of Ayc 4 to be equal and orthogonal to E,.. As a result, the array
directional vectors of A, 4and eigenvectors of noise subspace are orthogonal
and hold a property || E¥A,c.4 12 0. Using this property, a polynomial
function f(z) is defined by

f(2) = a"(1/2)E,E} a(2) (4.7)

where a(z) is the array directional vector of UCLA and it can be expressed as

a(z) =[a;7(2) a,"(2)]". Then, a,(z) and a,(z) can be written as

T
a,(2)|,_-jrsine) = [1 zN2 z2N2 | Z(Nl_l)NZ] (4.8)
T
aZ(Z)|Z=e—jnsin(9) = [Z(Nl_l)NZ"‘Nl 7 (N1=1)Nz+2Ny Z(N1—1)N2+(N2_1)N1]
(4.9)

Thus, a(z) can be written as
a(z)| _jnsing) = [1 zN2 52N ,(N1=1)Np ,(N1=1)Nz+Ny
zZ=e

N{—1)N,+(N,—-1)N
DNy N 17 (4.10)
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The solution to polynomial function f(z) results in 2r number of
roots where r = 2N, N, — N,—N,. Here, the 2r roots appear as conjugate
reciprocal pairs {zp};=1 and {1/21’;};:1and the roots that lie inside the unit
circle have information about the DOA of the emitter signals. Therefore, the
roots that lie inside the unit circle with the highest magnitude such that
{z M_, C {Zp}:,=1are used in the estimation of the M DOAS. In the situation
of grating-angle ambiguity, there exist more than M roots that lie closest to
the unit circle and are not distinguishable concerning true DOAs. Therefore, a
signal power function s(z) is defined based on the spatial filtering technique
to find the M signal roots corresponding to the true DOAs. The signal power
function s(z) is defined as the mean power of x;..4(n), where x;c.4(n) is
the weighted linear combination of array output signal vector x;.., and it is

given by
Xycra(n) = WHXUCLA (4.11)

Here, the weight vector w is equal to the array response vector a(z)

(Tuncer et al. 2009) and the signal power function s(z) can be expressed as
s(z) = E{lxycLa(m)|?}
= E{|a" (2) xycra(m)|?}

= a"(2) (E{xycra (n) XII—JICLA m)}) a(2)

K

i=1

Ry

1 K
=a"(2) (_z XycLa (ni)xll}ICLA (W)) a(z)

=al'(z"HR, a(z) (4.12)
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The signal power function s(z) yields a higher power for signal
roots but is unable to resolve the closely distributed signal roots with a higher
power. Therefore, the second-order differential of s(z) is defined to improve

the resolution and it is expressed as

S”(Z) 2 d.:l(zz) _ —s(z—6z)+;(zz)+s(z+6'z) (413)

where 8z = e~/75in%9 s a discrete root interval. Here, s”(z) being local
maxima for convex upward of s(z), it resolves the closely spaced signal roots
with higher power and simultaneously yields higher power for other roots.
Therefore, a maximum signal power function p(z) is defined as a product of
s(z) and its second-order differential counterparts s’’(z) to find the signal

roots related to true DOAs and it is given by

p(z) = s(2). s"(z) (4.14)

Thus, p(z) yields higher power for {z,,}M_, signal roots relating to

M true DOAs among {zp};ﬂroots. Finally, using z,, = e /®5m) the DOA

of the emitter signals is obtained from {z,,}}/_,signal roots are given by

A P (zm)
0,, = — sin 1(47” ); m=12,...,M (4.15)
where ¢(z,,) = tan"1(3(z,,) /R(z,,)) is the phase angle of z,, I(z,) and
R(z,,) are the imaginary- and real- parts of z,. Table 4.1 summarizes the

processing steps of the proposed method.
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Table 4.1 Processing steps of the proposed method

Stepl  |Estimate the array covariance matrix R, using Equation (4.6)

Step 2 Perform EVD on R, and obtain the noise subspace E,,

Step 3 |Obtain the roots of the polynomial function f(z) defined in
Equation (4.7)

Step4  |Obtain M signal roots i. ., {z,,}_, using maximum signal
power function p(z) defined in Equation (4.14)

StepS  IFrom {z,,}M_, roots, obtain M DOAs i. e., {@m}Zzl using
Equation (4.15)

4.4 SIMULATION RESULTS AND DISCUSSION

This section details the simulations for the validation of the
estimation performances of the proposed method in terms of reliability,
accuracy, angular resolution and computational complexity in comparison
with (Zheng et al. 2018) method, (He et al.2020) method, (Yang et al.2019)
method and (Huang et al.2021) method. To start with, two distinct grating-
angle ambiguity cases are considered for the illustration of the estimation
results of the proposed method. Case 1: M = 3 incoming emitter signals from
directions 6, = 12.37°,6, = 37.92°and 0; = 64.16°. Case 2: M =5
incoming emitter signals that are closely spaced in directions 6; =
12.37°,6, = 28.00°,60; = 32.00° 6, = 37.92°and 6 = 64.16° impinging
on a UCLA having N = 11 elements (N, = 5, N, = 7) under SNR of 10 dB
and K = 200 snapshots.
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For case 1 and case 2, the polynomial f(z) in Equation (4.7) results

: 58 158
in 2r = 116 roots as {Zp}p=1 and {1/zp}p=1. Table 4.2, for case 1, shows
{zp}:=1 roots among {zp}Zil as closer to the unit circle with the largest
magnitude (|z,| = 1). Table 4.3 shows, for case 2, {zp};)=1 roots among

{zp}:; as closer to the unit circle with the largest magnitude and it is referred

to as Rol (Roots of Interest). Among the Rol, signal roots such as {z,,}3,_;
and {z,,}>,-, of case 1 and case 2 respectively yields a higher value for the
maximum signal power function p(zp) with 6§60 = 0.01. As a result, the DOA

of the emitter signals that are obtained using Equation (4.15) shows the
proposed method successfully estimating the true DOAs without ambiguity

for both the cases taken into consideration.

Table 4.2 The proposed method’s DOA estimation result for case 1

Case1:6, = 12.37°,0, = 37.92° and 0; = 64.16°

Rol {Zp}4_1 Remaining
58 = Roots
{Zp}p=1
0.7805 —0.3478 —0.9503 —0.0009 {z }58
Plp=s5

—0.6218i | —0.9368i | —0.3096i | — 0.9982i

ol 0.9979 0.9993 0.9995 0.9982 < 0.85

S(Zp) 0.9963 0.9998 0.6132 0.4504 < 0.4145

S”(Zp) 0.9960 0.9602 0.6836 0.4851 < 0.5491

p(z,) | 09924 | 09601 | 04192 | 02185 | < 0.2417

{é }3 12.36° 37.81° 64.12° NA* NA*
Mim=1
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Table 4.3 The proposed method’s DOA estimation result for case 2

Case 2: 6, = 12.37°,0, = 28.00°, 6 = 32.00°,
0, =37.92°and 6 = 64.16°

6 Remaining
58 Rol {Zp}p=1 Roots
{Zp}p=1 0.7782 0.0947 0.0082 —0.0933 |—0.3478 |—0.9446 {Z }58
—0.6266i|— 0.9937i|— 0.9981i|— 0.9899i |— 0.9368i|— 0.3134i Plp=7

|z,] | 0.9991 | 0.9982 | 0.9981 | 0.9943 | 0.9993 | 0.9952 | < 0.80

s(z,) | 0.9739 | 0.8155 | 0.6121 | 0.5772 | 0.9991 | 0.8821 |< 0.5647

s"(z,) | 0.9921 | 0.7808 | 0.4917 | 0.9792 | 0.9821 | 0.5951 |< 0.6590

p(z,) | 0.9663 | 0.6368 | 0.3010 | 0.5652 | 0.9813 | 0.5250 |< 0.3721

{é }5 12.46° | 28.01° NA* 32.00° | 37.81° | 63.99° NA*
Mim=1

* Not applicable
4.4.1 Reliability Comparison

For the demonstration of the reliability of the improved polynomial
rooting-based DOA estimation method, 10 unbiased simulation trials were
carried out under the consideration of N = 11, SNR = 10dB and K = 200.
For case 1, Figure 4.1 (c) shows the proposed method successfully resolving
the ambiguity problem and resulting in a consistent estimate of true DOAS in
contrast to the methods suggested by (Zheng et al. 2018; He et al.2020) which
fail to resolve and result in an inconsistent estimate of true DOAs as it can be
seen from Figure 4.1 (a) and Figure 4.1 (b). It is noted that the proposed
method’s results accord with the results of the methods (Yang et al.2019;
Huang et al.2021). However, the methods suggested by (Yang et al.2019;
Huang et al.2021) result in an ambiguous estimate of true DOAs for case 2 as
shown in Figure 4.2 (a) and Figure 4.2 (b), whereas the proposed method

successfully resolves the closely spaced emitter signal DOAs and results in a
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consistent estimate of true DOAs without ambiguity as it can be seen from
Figure 4.2 (c).

10 - X
= 3 ] — True DOA
E ] X Zheng et al. 2018 %
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5 4 x
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Figure 4.1 Reliability comparison for case 1 : (a) Zheng et al.2018
method (b) He et al.2020 method (c) Proposed method
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Estimation Accuracy

The estimation accuracy of the proposed method is assessed against
the methods in (Zheng et al. 2018; He et al.2020) and (Yang et al.2019;
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Huang et al.2021) for case 2 using root mean square error (RMSE) under
different SNR and number of snapshots variations. For Q = 500 Monte-Carlo

simulation trails, RMSE is evaluated for different SNR variations i.e., 0 dB <

SNR< 15 dB with K = 200 fixed number of snapshots.

Figure 4.3
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Figure 4.3 (a) shows the proposed method exhibiting better
estimation accuracy compared to the methods (Zheng et al. 2018;
He et al.2020; Yang et al.2019; Huang et al.2021). It also closely follows the
limits of the CRLB even at low SNR. Similarly, RMSE is also evaluated for a
different number of snapshot variations i.e., 50 < K < 500 with SNR = 0 dB
fixed. Figure 4.3 (b) shows the proposed method exhibiting better estimation
accuracy compared to the methods in (Zheng et al. 2018; He et al.2020; Yang
et al.2019; Huang et al.2021). Furthermore, it closely follows the limits of the

CRLB even at a lower number of snapshots.

4.4.3 Angular Resolution

The angular resolution capability of the proposed method is
assessed against the methods suggested by (Yang et al.2019; Huang et
al.2021) using the resolving probability for different angular separations.
Considering two closely distributed emitters in case 2 such as
{12.37°,30.00° — A6, 30.00° + AB,37.92°,64.16°}, where A6 is the

angular separation. The resolving probability is given by QS/Q, where Q. is

the number of successful detections of true DOAs satisfying the condition

given as follows

~ ~ ~ ~ A A0
max {|0; — 64|, |0, — 62,105 — 03,104 — 64,105 — 65|} < — (4.16)
where Q is the total number of Monte-Carlo simulation trials. Here, resolving
probability is evaluated for angular separation (A@) with variations from
0.1° to 3.0%in steps of 0.2°. Figure 4.4 shows the proposed method
exhibiting better resolution capability compared to the methods proposed by

(Yang et al.2019; Huang et al.2021) in the range of 0.1° < A6 < 1.5°.
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Figure 4.4 Resolving probability comparison versus angular separation
4.4.4 Complexity Analysis

Assessment of the computational complexity has been made using
the number of complex multiplications involved. The proposed method
involves estimation of the array covariance matrix, eigenvalue decomposition
(EVD) and finding signal roots with complexities that are O(N2K), O(N?3)
and O(rN?) respectively. Details of the computational complexity
comparison of the proposed method and the methods proposed by (Yang et
al.2019; Huang et al.2021) are given in Table 4.4. Complexity has been
evaluated for a varying number of array elementsi.e., 6 < N < 20 with fixed
K = 200 snapshots for the consideration of M = 3, search step sch = 0.01
and J =4 (Yang et al.2019; Huang et al.2021). Similarly, complexity has
been evaluated for a varying number of snapshots i. e., 20 < K < 500 with
N = 11 fixed number of array elements. Figure 4.5 (a) and Figure 4.5 (b)
show the proposed method involving less computational complexity

compared to the methods in (Yang et al.2019; Huang et al.2021).

éﬂ?@@ ANNA UNIVERSITY, CHENMAIL - 600 023




84

Table 4.4 Computational complexity comparison

Method Computational Complexity

Yang et al.2019 5 , , 180°
O(N“K + N° + oA

Huang et al.2021 |O(N?K + N3+ (2N —1)3 + JN?)
Proposed Method [0(N%K + N3 + rN?)

N(N — M) + JN?)

4x10° —| [ Yang er al. 2019
B Huang er al. 2021
B Proposed Method
3x10° —
z
E -
=N
g 2x10° —
)
1x10° —
0 —
6 8 10 12 14 16 18 20
Number of Array Elements
(a)
3x10°
[ Yang er al. 2019
. - Huang er a/. 2021
B Proposed Method
2x10° —
Y
Eﬁ
g
<
O
1x10° —
O —
20 40 60 80 100 200 300 400 500
Snapshots
(b)

Figure45 (a) Complexity comparison versus the number of array
elements (b) Complexity comparison versus the number of
snapshots
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4.5 SUMMARY

The proposed method aims at providing high-resolution
unambiguous DOA estimation with UCLA. The proposed improved
polynomial rooting-based method involves a maximum signal power function
based on spatial filtering and second-order differential for the selection of the
signal roots that are associated with true DOAs over ambiguous roots
obtained from the polynomial function. The proposed method overcomes the
grating-angle ambiguity and estimates the true DOAs successfully with
improved estimation performance. The analysis and simulation findings show
the superiority and effectiveness of the proposed method over the existing
methods in terms of estimation reliability, estimation accuracy, angular

resolution and computational complexity.
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CHAPTER 5

COMPUTATIONALLY EFFICIENT UNAMBIGUOUS DOA
ESTIMATION BASED ON SUPPORT VECTOR
REGRESSION

5.1 INTRODUCTION

In this chapter, a computationally efficient DOA estimation method
based on support vector regression (SVR) has been proposed for addressing
the ambiguity problem associated with the GCLA and UCLA. As discussed in
the previous chapters, the estimation performances in terms of reliability,
accuracy and angular resolution of the existing subarray-based methods (Zhou
et al.2013; Sun et al.2015; Zhang et al. 2017; Liu et al. 2018; Yan et al.
2018), adjoined subarray-based methods (Zheng et al. 2018; He et al.2020)
and beamforming-like methods (Yang et al.2019; Huang et al.2021) degrade
in the ambiguity problem situation of GCLA and UCLA. Furthermore, the
aforementioned methods entail high computational complexity and execution

time.

The problem of DOA estimation can be approached as a non-linear
approximation wherein the non-linear function has to be approximated that
maps the array output received vector and DOA of the incoming source
signals. This can be accomplished effectively through learning-based methods
wherein the radial basis-function neural network (RBFNN) (ElI Zooghby et
al.2000; Sun et al.2018; Liu et al.2018) and support vector regression (SVR)
(El Gonnouni et al.2012; Randazzo et al.2007; Tarkowski et al.2019; Wu et
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al.2019) performs comparably better than the subspace-based methods with
reduced computational complexity. The RBFNN is one of the simplest types
of a neural network with only one hidden layer and each neuron in the hidden
layer consists of the RBF activation function. It also involves trial-and-error
procedures in the determination of the number of hidden neurons (Wu et
al.2019; Liu 2020). Compared to RBFNN, the SVR-based methods for DOA
estimation are relatively simple to implement and have good generalization
capabilities that offer better estimation performances with less computational
complexity. As a result, the SVR-based methods for DOA estimation are
considered as the most promising and well-experimented learning-based

method.

In the existing SVR-based formulations, the array covariance
matrix mapped to its corresponding DOA of the incoming source signals is
approximated using SVR. The foremost limitation of the existing SVR-based
methods is that as the number of sources varies, its overall performance
severely degrades or even fails to work (Chen et al. 2020). It also requires a
multiple regression model for the estimation of the DOAs in the case of more
than one incoming source signal. This increases the training complexity and
makes it cumbersome in considering all possible sources with different
angular separations (Elbir 2020). Moreover, the generalization of the existing
SVR formulation is not guaranteed in the varying number of incoming source
signals. This leads to the failure of the models presented in (EI Gonnouni et
al.2012; Randazzo et al.2007; Tarkowski et al.2019; Wu et al.2019) in the
detection and estimation of the true DOAs and imposes constraints on
achieving the full DOF.

To overcome the aforementioned limitations of the existing
formulations, a modified formulation is proposed which approximates the
unknown regression function that maps the signal subspace eigenvectors with
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its associated DOA of the incoming source signals using SVR. The proposed
formulation uses only one regression model for the estimation of multi-source
DOAs without increasing the training complexity. It also offers good
generalization in the varying number of source signals situation and results in
the achievement of full DOF with reduced complexity compared to the
existing SVR-based methods. Numerous simulations are presented in
comparison with existing methods to show the superiority and efficacy of the
proposed method in terms of estimating reliability, estimation accuracy, DOF,

and complexity analysis.

5.2 PROPOSED METHOD FOR DOA ESTIMATION WITH
GCLA

Consider, M (M < N) far-field source signals from directions
0 = {6,,}M_, impinging on N element GCLA with the field-of-view (FOV)
such that ,, € (—90°, +90°) as shown in Figure 2.4 of chapter 2. Then, the

observed array output received signal vector by i “*subarray of GCLA can be

expressed as

where x,(t) eCV*land x,(t) e CN2X1represents the received

output vector of subarray 1 and subarray 2 of GCLA. Here, A; represents the

array directional matrix of i t*subarray and for each subarray, it is given by
A; =[a;(6,) a;(6,)... a;(6y) ] e CVxM (5.2)

A, =[a,(0,) a,(0,)... a,(6y) ] e CNxM (5.3)
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where a, (6,,) and a,(0,,,) represents the array directional vector of subarray

1 and subarray 2 and it is given by

a, (em) — [1’ e ~JTN? sin(Qm)’ L e ~JTN2(N1—1) sin(Bm)]TE CNix1 (54)

a, (em) — [1’ e ~JTN1 sin(9m), o e ~JmN1(N2—1) sin(em)]Te C N2x1 (55)

Then, the observed array output received signal vector of GCLA
can be expressed as follows

1 1 1 s1(t)
(O = e_sz,,'sm(gl) e—jN27t:sin(92) e—szn:sin(OM) szgt) n
o iNz (N1~ DT sin(87) o —No (N D sin0;) o =jNa (N3~ L) sin(Bpy) sM:(t)
[ ny,0(t) |
| m,ls(t) |:A1s(t)+n1(t) (5.6)
ln1N1—1(t)J
1 1 1 s1(8)

e—le(Nz—'1)71'Sin(el)e_le(Nz_.l)n-Sin(ez) e—le(Nz_.l)T[Sin(gM) SM.(t)
[ np,0(t) ]
t
n2,1:( ) — AZS(t) + n,(t) (57)

na n,—1(t)

Here, s (t) = [s1(t) s,(¢)... sM(t)]T e CM*1  represents the
incoming source signal vector, n,(t) e C"¥1*! and n,(t) e CM2*!represents
the zero-mean additive white noise of subarray 1 and subarray 2 with
covariance E{n;(t)n ()} = ajili, i = 1,2, where a,fl. Is the noise power and
I; is the identity matrix (Vaidyanathan et al. 2011). The proposed method

aims at the resolution of the ambiguity problem in DOA estimation through
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the approximation of the unknown non-linear function that maps the signal
subspace eigenvectors with the DOA of the incoming source signals. The co-
prime property makes the space spanned by signal subspace eigenvectors and
directional vectors associated with true DOASs to be the same. The distinct
training pairs comprise signal subspace eigenvectors and its associated DOAS
allow the mapping processing feasible. The proposed method involves pre-

processing, training, and testing (estimation) phase.
52.1 Pre-Processing Phase

In the pre-processing phase, the estimated array covariance matrix

of the output signal vector from individual subarrays R,y , Ry, and
between the subarrays f{XlXZ, ﬁxle of GCLA with K snapshots can be

expressed as

K
Ry x, = E{x,(Ox,"()} = %z x,(®)x, (t); w,ve{1,2} (5.8)
t=1

Using Equation (5.8), the total estimated array covariance matrix of

GCLA can be constructed and it is given by

~)

X1X1

~)

)
»
I
~ R)

"1"2] e CNxN (5.9)

X1X2 X2X2

_~

The eigenvalue decomposition (EVD) of R, vyields R, =
0,D.,0Y +0, D, U7 where U2 [u,u,,...,uy]eC"*” and U, 2
[Wppq, Uppin, ..., uy] CYXN"M  contains the signal- and noise-subspace
eigenvectors of R, corresponding to the eigenvalues in the diagonal matrix
D, 2 diag{>;, %z ...,xy} and D, 2 diag{™ 11, X mi20 - 2N 1
Alternatively, the signal subspace eigenvectors associated with the DOA of

the incoming source signals are computed from the total array covariance
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matrix R, using a linear operator termed propagator P (Meng et al. 2019).
The total array directional matrix A e CV¥*M™ of GCLA is partitioned

into two block matrices A; e CY*M and A, € C (V"MXM g
A
A= 1] (5.10)

Here, the linear relationship exists between A; and A, can be

given by
PA, =A, (5.11)

The propagator P is determined by minimizing the cost function
||A, — A, P||? and the resulting solution is = (A,”A,) “*A,"A,. However,
information relating to the total array directional matrix A of the incoming
source signals is not known. As a result, the propagator P is estimated from
the estimated total array covariance matrix R, and it can be represented as
R =[G H] where G =R(:,1: M) and H=R(:,M + 1: N). Based on this,
the cost function is now reformulated as ||H — GP||?, then the propagator
P can be obtained by minimizing the cost function and the resulting solution

is given by
P = (G"G) "'G"H (5.12)

Now, defining a U, e C¥*M matrix using P is given by

Iy
U, = [in] (5.13)

Combining Equation (5.11) and Equation (5.13) results U,A; =
[1,, PP]TA, = [A; A, ]" = A. Here, the space spanned by U e CV*M™ and

Ae CN*M are same (Wang et al.2013). The signal subspace eigenvectors
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associated with the source signals are the columns of Uge CV*M such that

u, e CVx1,
522 Training Phase

The training phase is an offline process in which the DOA
estimation model F:u, — 6 is obtained from the available training pairs
through the process of learning. The generated L set of training pairs utilized
for learning is given by {(ul,8,), (u3,6,),..,(u.,8),..,(ut,6,)}. The total
array covariance matrix R is computed for each angle 6, that is uniformly
distributed in the range —90°to +90°i.e.,, 6, = —90° + (I —1)A6,l =
1,2,...L for the acquisition of the training set, where A@ is the angular
separation. Then, the signal subspace eigenvector ul for each angle 6, is
computed from the corresponding total array covariance matrix RY using
Equation (5.13). The SVR model learns using the given training set is defined

as
F(us) = (W! (1)(“5)) +b (514)

where (.,.) indicates the inner product, w represents the orientation of the
regression, b represents the position of the regression, ¢ is a non-linear
transformation function that maps the input vector u, from its original space
to a higher-dimensional space termed Hilbert space (HS). In the testing
(estimation) phase, the generalization capabilities of the model in the
estimation of the unknown DOAs (not included in the training phase) are
decided by the parameters w and b. It can be computed by minimizing the

regression risk R,., (Smola et al.2004) and it is given by

L
) 1
min Ryp, = Cz l.(ut,0,) + 5 | w||? (5.15)

=1
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where C denotes the regularization constant and [.(u, 8;) denotes the &-
insensitive cost function that specifies the margin of allowable error during

the training process (Smola et al.2004) and it is given by

0 ;|6 —Fud)| < e

A 5.16
0, —F(u})|—¢ ; otherwise (5.16)

l(u, 0,) = {
where ¢ is the limit of allowable error. According to the Vapnik theory
(Vapnik et al.1997), by introducing Lagrange multipliers, the primal
optimization problem (minimization problem) in Equation (5.15) can be
recast into a dual optimization problem and the optimal solution can be
obtained based on the Karush — Kuhn — Tucker (KKT) conditions. The KKT

conditions for the primal optimization problem can be given as follows

OR L
Sl = w - Zl(ai —a)d(ul) = 0 (5.17)
i=
L
dR, ,
abeg _ Zl(ai —a)=0 (5.18)
i=

The dual optimization problem can be given by
L L 1 L

max {—s Z(a{ +a;) + Z 0;(a; — a;) — 3 Z(a{ + a;)(a] — a;) K (u, uy)
i=1 i=1 i=1

Subject to
0< a;, (l{ <C

L

Z(O‘L{ —a) =0 (5.19)
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where K (ul,ug) represents the kernel trick and «;, a; represents the

i
Lagrange multipliers. The Gaussian radial basis kernel (Randazzo et al.2007)
is the kernel trick used and defined as X (ul,u,) = exp(—y I u - ug ||2)
where y is the kernel parameter. The dual optimization problem in Equation
(5.19) can be solved and the Lagrange multiplier variable «; and «; can be
computed using standard quadratic programming (QP) techniques. Using the

KKT condition, the parameter w can be computed and it is given as follows

L

W= (- a)d(ub) (5.20)
i=1
L

b= 2 6, — d(ui)Tw + ¢ (5.21)

By substituting w and b in Equation (5.14), the function F (uy) can

be re-written as
L
Flug) = ) (@ - @) (d(u), d(u)) +b

= Z(“i — ) K(ui,uy) + b (5.22)

The explicit representation of the nonlinear transformation function
of the input vector i. e., (d(ul), d(uy)) present in F(ug) can be implicitly
related to the kernel trick and is given by (dp(ul), d(uy)) = K (ui,uy). It is
important to note that the generalization capability of the proposed model
depends on the hyper-parameters such as C, € and y. As per the rules
suggested in (Cherkassky et al.2004) and (Randazzo et al.2007), the hyper-

parameters are given as follows C = 30, € = 30 /lnTL and y = 0.5.
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523 Testing (Estimation) Phase

In the testing (estimation) phase, the trained DOA estimation model
F(uy) is used in the estimation of the unknown M DOAs {%}Llof the

incoming source signals and it is given by

M

{0} _ = Fum (5.23)

where u” being the signal subspace eigenvector of the m*® incoming source
signal and it is computed from the total array covariance matrix R, using
Equation (5.13). Table 5.1 summarizes the stepwise processing flow of the

proposed method.

Table 5.1 Stepwise processing flow of the proposed method

Training phase

Step1l  |Generate the set of L training pairs
{(u},0,),(uz8,),..,(uk,8),..,(uk 6,)} using Equation (5.9)-
(5.13).

Step2  |Obtain the DOA estimation model F (uy) using the set of training
pairs.

Testing phase

Step 3 |Estimate the total output covariance matrix R, of the received signal
using Equation (5.9).

Step4 |Compute the signal subspace eigenvector of the incoming source
signals {u™}¥ _, from the total output covariance matrix R, using
Equation (5.13).

Step S |Estimate the M DOASs using the model {@m}fl:l = F(u™) defined
Equation (5.23).
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5.2.4 Simulation Results and Discussion

This section presents various simulations that compare the
proposed method with methods (Zhou et al.2013; Zheng et al. 2018 and Yang
et al.2019) for the assessment of the estimation performance in terms of
reliability and accuracy. In the simulation setup, L = 1801 training pairs were
obtained from uniformly spaced angles ranging from —90° to +90° with the
angular space of 0.1°. It is noted that the DOAs involved in the testing phase
are not included in the training phase. According to rules derived in
(Cherkassky et al.2004; Randazzo et al.2007), the hyper-parameters are
chosenas € = 10 and € = 0.06.

5.2.4.1 Estimation reliability

Consider the pair-matching ambiguity situation having two sources
M = 2 from the direction 6, = 10.00°,6, = 39.11° impinges on GCLA
with N = 11 (N; = 5,N, = 7) under SNR of 10 dB and a snapshot of 200.
Figure 5.1 (a) shows the failure of the subarray-based method (Zhou et
al.2013) to estimate the true DOASs consistently. In contrast, the proposed
method results in a consistent estimate of true DOAs for all 25 unbiased
simulation trials as shown in Figure 5.1 (b). The results of the proposed method
accord with the results of the adjoined subarray-based methods (Zheng et al.
2018; Yang et al.2019) in the case of pair-matching ambiguity situations.
However, in the grating-angle ambiguity situation having M = 6 sources from
the direction 6, =10.00°,6, = 27.35°,60; = 35.01°,60, = 39.11°,6 =
57°,0, = 62° impinges on GCLA with N =11 (N, =5,N, = 7) under
SNR of 10 dB and a snapshot of 200. It can be seen from Figure 5.2 (a) and
Figure 5.2 (b) that the methods (Zheng et al. 2018; Yang et al.2019) fail to

estimate the true DOAs consistently. In contrast, the proposed method results in
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a consistent estimate of true DOAs for all the 25 unbiased simulation trails as

shown in Figure 5.2 (c) by successfully overcoming the ambiguity problem.
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Figure 5.1 Reliability comparison in pair-matching ambiguity case :
(a) Zhou et al.2013 method (b) Proposed method
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Figure 5.2 Reliability comparison in grating-angle ambiguity case: (a)
Zheng et al. 2018 method (b) Yang et al.2019 method (c)
Proposed method

5.2.4.2 Estimation Accuracy

Assessment of the estimation accuracy of the proposed method is
made in both the ambiguity problem situation using an RMSE performance
metric. For both the ambiguity situation, RMSE is evaluated for different
SNR values ranging from —20 dB to 20 dB with a fixed snapshot of 200 for
Q = 500 Monte-Carlo simulation trails. Similarly, RMSE is evaluated for
varying snapshots ranging from 10 to 500 with a fixed SNR of 10 dB. Figure
5.3 and Figure 5.4 show an increase in the estimation accuracy of the
proposed method with an increase in the SNR and snapshots, closely
following the limits of the CRLB.
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Figure 5.4 Estimation accuracy in grating angle ambiguity case: (a)
RMSE versus SNR (b) RMSE versus the number of
snapshots
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5.3 PROPOSED METHOD FOR DOA ESTIMATION WITH
UCLA

The extension of the proposed method for UCLA is very
straightforward. UCLA is a single array configuration, hence R, is directly
obtained instead from two subarrays separately in the pre-processing phase.
Except for the above change, by following the pre-processing, training and
testing phase steps described in section 5.2, the DOA of the incoming source

signals can be estimated without any ambiguity using UCLA.
53.1 Simulation Results and Discussion

This section presents various simulations that compare the
proposed method with Yang et al. (2019) method for the assessment of the
estimation performance in terms of reliability and accuracy. In the simulation
setup, L = 1801 training pairs were obtained from uniformly spaced
angles ranging from —90° to +90° with the angular space of 0.1°. It is noted
that the DOAs involved in the testing phase are not included in the training
phase. According to rules derived in (Cherkassky et al.2004; Randazzo et
al.2007), the hyper-parameters are chosen as € = 0.94 and € = 0.06.

5.3.1.1 Estimation reliability

Consider the grating-angle ambiguity situation having M =5
sources from the direction 6, = 10.00°,6, = 27.35°,65; = 35.01°,60, =
57°,0s = 62° impinges on UCLA with N =11 (N, =5,N, = 7) under
SNR of 10 dB and a snapshot of 200. Figure 5.5 (a) shows the failure of Yang
et al.(2019) method in the consistent estimation of the true DOAs. In contrast,
the proposed method results in a consistent estimate of true DOAs for all 25
unbiased simulation trials by successfully overcoming the grating-angle

ambiguity problem as shown in Figure 5.5(b).
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Figure 5.5 Reliability comparison in grating-angle ambiguity case :
(a) Yang et al.2019 method (b) Proposed method
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5.3.1.2 Estimation accuracy

Assessment of the estimation accuracy of the proposed method is
made in a grating-angle ambiguity problem situation using an RMSE
performance metric. The RMSE is evaluated for different SNR values ranging
from —20 dB to 20 dB with a fixed snapshot of 200 for Q = 500 Monte-
Carlo simulation trails. Similarly, RMSE is evaluated for varying snapshots
ranging from 10 to 500 with a fixed SNR of 10 dB. Figure 5.6 (a) Figure 5.6
(b) shows an increase in the estimation accuracy of the proposed method with
an increase in the SNR and snapshots, closely following the limits of the
CRLB.

0.5
. —®— Yang et al. 2019
04 — —&— Proposed Method
—=— CRLB
~ ]
5 0.3
g .
= ]
7
= 0.2 -
% ]
0.1 H
().O | T | T | T |

20 -15 <10 -5 0 5 10 15 20
SNR (dB)

(@)

Figure 5.6 (Continued)
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Figure 5.6 Estimation accuracy in grating-angle ambiguity case:

(@) RMSE versus SNR (b) RMSE versus the number of
snapshots

5.4 PERFORMANCE ANALYSIS

This section details the performance analysis of the proposed
method in terms of complexity and DOF for both GCLA and UCLA.

54.1 Complexity Analysis

Assessment of the complexity is made in terms of the number of
complex multiplications and execution time required. In the existing SVR
formulation (EI Gonnouni et al.2012; Randazzo et al.2007; Tarkowski et
al.2019; Wu et al.2019), the length of the training data set increases in the
order of L™, where L is the number of grid points in the angular region and M
is the number of sources. According to (Dass et al. 2019), the training

complexity is given by 0(L*). However, in the proposed method, the length

éﬂ?’@@ ANNA UNIVERSITY, CHENMAIL - 600 023




106

of the training data set is independent of the number of sources, and its
training complexity is given by 0(L?). As a result, the proposed method can

estimate multi-source DOASs without increasing the training complexity.

In the testing phase, the computational complexity of the proposed
method is given by O(N2K + N*M + ng, M), where O(N?K) is the array
covariance matrix complexity, O(N2M) is the propagator complexity,
0(ng, M) is the SVR complexity where ng, is the number of support vectors.
Table 5.2 summarizes the computational complexity of the proposed method
and methods (Zhou et al.2013; Zheng et al. 2018 and Yang et al.2019).

Table 5.2 Computational complexity comparison

Methods Computational Complexity

o
180

o
180

o N2 (N, — M)

Zheng et al. 2018 O(N?K + N* + 1sscoh NN — M))

vangetal.2019 1, yag 4 s 4 NN - M) +N?)

Proposed Method  |0(N2K + N2M + ng, M)

The execution time is evaluated for M = 5 sources under N = 11,
K = 200 snapshots and ng,, = 2 on a PC equipped with 1.8 GHz and 8 GB of
RAM. Table 5.3 shows the proposed method involving less execution time
compared to the existing methods (Zhou et al.2013; Zheng et al. 2018 and
Yang et al.2019). Also, the computational complexity is evaluated for a
varying number of array elements i.e.,, 12 < N < 30 with fixed K = 200

snapshots for the consideration of M = 5, search step sch = 0.01 and ] = 6.
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Similarly, computational complexity is evaluated for a varying number of
snapshots i.e., 10 < K < 500 with N = 11 fixed number of array elements.
Figure 5.7 (a) and Figure 5.7 (b) show the proposed method involving less
computational complexity compared to the method in (Zhou et al.2013,;
Zheng et al. 2018 and Yang et al.2019).

Table 5.3 Comparison of Execution time

Methods Execution Time (ms)

Zhou et al.2013 141.86
Zheng et al. 2018 134.06
Yang et al.2019 135.20

Proposed Method 8.48

1.6x107
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Figure 5.7 (Continued)
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Figure 5.7 Computational complexity comparison: (a) Number of
complex multiplications versus the number of array

elements (b) Number of complex multiplications versus the
number of snapshots

54.2 Degrees-of-Freedom (DOF) Analysis

The DOF expresses the capability of the given method in detecting
the maximum number of sources. The method (Zhou et al.2013) decomposes
the N element GCLA into two separate subarrays as N; and N, sensor array
elements and performs DOA estimation on them individually. Thus, the DOF
of (Zhou et al.2013) is given by min(N;, N,) — 1 for an N element GCLA
(N = N; + N, — 1). On the other hand, the methods (Zheng et al. 2018 and
Yang et al.2019) consider the GCLA and UCLA as a single array with the
ability to achieve DOF of N — 1. However, the method proposed for UCLA
estimates multi-source DOAs by using a regression model that relates the
signal subspace eigenvectors and the DOA of the incoming source signals. In

the case of M = N incoming source signal situation, the output array
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covariance matrix R € CV*V of the received signal vector can yield a signal
eigenvector matrix U; e CV XN whose columns are signal eigenvector u™ e

CV*1 'm =1,2,..,N corresponding to the N incoming source signals. As a

result, the proposed method can estimate N DOAs {ém}izl given the u* and

thereby achieves the full N DOF for an N element UCLA.

80 O True DOAs o 10—~ o feeeas Trug DOAs
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60 — X i Zheng et al. 2018
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Figure 5.8 Degrees-of-Freedom (DOF) comparison: (a) Zhou et al.2013

method (b) Zheng et al. 2018 method (c) Yang et al.2019
method (d) Proposed method

Simulations have been carried out with M = 11 random sources

(including grating-angle case) from —90°to +90° impinging on N =11
(N; = 5,N, = 7) element UCLA under SNR of 10 dB and a snapshot of 200
for the demonstration of the DOF achieved by the proposed method and the
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methods proposed by (Zhou et al.2013; Zheng et al. 2018 and Yang et
al.2019). Figure 5.8 shows the proposed method outperforming the methods
(Zhou et al.2013; Zheng et al. 2018 and Yang et al.2019) by estimating
M = 11 true DOAs without any ambiguity thereby achieving full N DOF.

5.5 SUMMARY

This chapter presents a computationally efficient DOA estimation
method based on support vector regression (SVR) for addressing the
ambiguity problem associated with GCLA and UCLA. The ambiguity
problem is resolved by treating DOA estimation as approximating the
unknown regression function that maps the signal subspace eigenvectors with
the DOA of the incoming source signals. The proposed formulation uses only
one regression model for the detection of multiple DOAs whereas the other
SVR formulation requires a multiple regression model. This provides
computational efficiency for the proposed method. The proposed formulation
estimates the multi-source DOAs involving full DOF without any increase in
the training complexity. Furthermore, it offers good generalization for a
varying number of sources and robustness in estimating the multi-source
DOAs successfully without ambiguity. The analysis and simulation findings
show the proposed method outperforms the existing methods in terms of
estimation reliability, estimation accuracy, computational complexity,

execution time and DOF.
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CHAPTER 6

CONCLUSION AND FUTURE PERSPECTIVES

6.1 CONCLUSION OF CONTRIBUTIONS

The problem of estimating the DOA of the incoming source signal
with general co-prime linear array (GCLA) and unfolded co-prime linear
(UCLA) have been the subjects of this research work. A comprehensive
investigation of the ambiguity issues such as pair-matching ambiguity and
grating-angle ambiguity in DOA estimation associated with GCLA and
UCLA has been presented. The focus of the research work is on the resolution
of the ambiguity issues associated with GCLA and UCLA. Towards this,
different methods have been proposed that offer the following advantages (i)
superior estimation performances in terms of reliability, accuracy and angular
resolution (ii) good generalization and robustness in estimation performances
with less complexity in terms of computational complexity and execution
time (iii) full degrees-of-freedom (DOF). The superiority and effectiveness of
the proposed methods in comparison with the existing methods have been
validated with several standard simulations and analysis. The main

contributions are summarized as follows.

First, the proposed unambiguous DOA estimation method
incorporates an initial estimation of DOAs through UCLA-MUSIC. The true
DOAs are distinguished from ambiguous estimates obtained from UCLA-
MUSIC using the estimated power of the transmitted source signals. The

source power function derived is based on the signal subspace eigenvalues
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and its associated eigenvectors for the estimation of the power of the source
signals transmitted. The proposed approach distinguishes and detects the true
DOAs successfully without ambiguity. The simulation results guarantee the
superiority of the proposed method over the existing methods in terms of

reliability and accuracy.

In the second solution, an improved polynomial rooting-based
method for high-resolution unambiguous DOA estimation is proposed. Based
on the orthogonality between the noise subspace eigenvectors and array
directional vectors, a polynomial function is derived. Then, a maximum signal
power function based on spatial filtering and second-order differential has
been proposed for the selection of the signal roots that are associated with true
DOAs over ambiguous roots obtained from the polynomial function. The
proposed method overcomes grating-angle ambiguity and estimates the true
DOAs successfully with improved estimation performances. Simulations have
been performed to show the effectiveness and superiority of the proposed
method in terms of reliability, accuracy and angular resolution involving low

computational complexity.

Finally, a computationally efficient DOA estimation method based
on support vector regression (SVR) has been proposed for addressing the
ambiguity problem associated with GCLA and UCLA. The ambiguity
problem is resolved by treating DOA estimation as approximating the
unknown regression function that maps the signal subspace eigenvectors with
the DOA of the incoming source signals. The proposed formulation uses only
one regression model for the detection of multiple DOAs whereas the other
existing SVR formulation requires a multiple regression model. This provides
computational efficiency for the proposed method. The proposed formulation
estimates the DOAs involving full DOF without increasing the training
complexity. It also offers good generalization for a varying number of sources
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and robustness in estimating the DOAs successfully without ambiguity. The
analysis and simulation findings show the proposed method outperforms the
existing methods in terms of estimation reliability, estimation accuracy,

computational complexity, execution time and DOF.
6.2 PERSPECTIVES OF FUTURE WORK

In this research work, the co-prime arrays considered are linear
(1-Dimensional) arrays. The investigations on the problem of ambiguity in
DOA estimation for planar 2-D and 3-D co-prime arrays would be one of the
subjects for significant future research. The focus of the proposed work is on
the second-order statistics-based DOA estimation, the investigations on the
problem of ambiguity in higher-order statistics-based DOA estimation using
GCLA and UCLA would be another orientation of future research. In contrast
to the subarray domain processing, the investigations of ambiguity problems
in difference-coarray domain processing of GCLA and UCLA would be
another topic of future research. The orientation of extending the presented
work for massive sparse arrays would be an interesting area of future

research.

Developing optimal sparse array configurations is an important
research direction. This includes determining the optimal placement of
sensors in the array to achieve higher spatial resolution and better DOA
estimation performance. Various optimization techniques, such as convex
optimization, compressive sensing, and sparse reconstruction, can be explored
to design sparse arrays. Research can focus on developing data-driven
approaches including deep learning and neural network that exploit the rich
information captured by sparse arrays to improve the accuracy and robustness
of DOA estimation.
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The proposed formulations can be extended to other general
practical cases such as mixed far-field and near-field source signals, wideband
signal sources, moving sources, correlated noise environments and multi-path
scenarios, etc. The future of DOA estimation using sparse arrays holds great
potential for real-time applications. The implementation of the proposed
algorithms in DSP-based hardware systems would be of great interest for
evaluation of the performance in real-time applications. Sparse arrays can be
deployed in various scenarios, such as wireless communication systems, radar
systems, sonar systems, and autonomous vehicles. Real-time DOA estimation
using sparse arrays can enable accurate localization, beamforming, and
tracking of signal sources, leading to improved performance in applications
like wireless communication, radar-based target detection, and navigation.
DOA estimation using sparse arrays can be integrated into beamforming
algorithms for adaptive and efficient transmission and reception in dynamic

wireless environments.
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7) ;SNR=10dB; K = 200

APPENDIX 1
Table A1.1 Pair-matching ambiguity in GCLA - Case 1: 6; = 10.00 ° and

0,=39.11°; N=11 (N, = 5,N, =

Subarray-based Methods

Ambiguity

Method DOA Estimation Result X DOF Complexity
exists or not
] A " - 6 O((N;* + N,HK
Common angle pairs in| 6, 0, 05 :4_75_740 +(I$I 31++N 32 )
/1(6) and £,(6) =9.99° | =39.11° | =-13.08° 1800
Zhou et Pair- min(N,, N T g i
al.2013 i A
matching | _ 1y M)
iqui 180 °
Ambiguity Na (N
True or Ambiguous  [True True Ambiguous  |Ambiguous |exists + 26 2(N;
- M)
~ 2 2
Common angle pairs |9, 0, 0, 6;4_75 770 ?_(IE[Né ++NN§ K
Sunet |in transformed domain |= 10.00° | =39.11° | =-13.07° Pair- min(N,, N,) 180° )
a|2015 matchlng -1 2 + 10 (Nl /NZ)
Ambiguity 180°
True or Ambiguous  |True True Ambiguous  [Ambiguous  |exists +—g (V2"/N0)
Rol 0.8533 —0.3985 0.7565 —0.9935
(Roots of Interest) —0.5183i| —0.916i | +0.6524i | +0.09662i
al. 2017 ) ) ) 5 -1 N N.
6 01 . 0 . 05 . 04 , |Ambiguity TN+ N
=10.00° | =39.09° | =—13.09° | =-7572° |oyicts
True or Ambiguous  [True True Ambiguous  |Ambiguous
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Table A1.1 (Continued)

Rol 0.8518 —0.3987 0.7567 —0.9927
(Roots of Interest) —0.5186i | —0.9161i | +0.6524i | + 0.09684i
Liu et al. [Magnitude of Rol 0.9973 0.9991 0.9991 0.9974  |Pair- . O((N,% + N,2)K
2018 ~ ~ ~ ~ matChIng mln(Nll NZ) + N 3 + N 3)
P 6, 6, 63 0, Ambiguity v
=10.02° | =39.09° | =—-13.09° | =—75.70° |ayicts
True or Ambiguous  [True True Ambiguous  |Ambiguous
Rol 0.8536 —0.3983 0.7557 —0.9937
van et al (Roots of |nterest) —0.5177i| —0.9148i + 0.6514i + 0.09609i Pair-
2018 Magnitude of Rol 0.9983 0.9977 0.9977 0.9983 matching min(N;, N,) 0((1\/12 + N,HK
. 0, 0, 0, 2, Ambiguity |—1 + N2 + N, %)
0 =999° | =39.10° | =—13.08° | =—75.76° |exists
True or Ambiguous  [True True Ambiguous  |Ambiguous
» Angles associated with | » 5 Pair- 5 3
§ Zheng et |the highest peaks of 9:19 990 9:239 10° - - matching O(i\gOKo+ N
‘g—» al. 2018  |faas—music(0) . ' Ambiguity N-1 + 10 N(N
D True or Ambiguous  [True True - - dqes not — M)
2 exist
o]
c'>6\ Rol 0.852 —0.3989
= (Roots of Interest) —0.5199i| —0.9162i Pair-
S |Heet Magnitude of Rol 0.9981 0.9993 - - matc*_“”? O(N2?K + N3
v 1al.2020 — — Ambiguity N-1 3
g 7 0, 0 ) does not tEN=17)
= 0 =10.04° | =39.10° - exiot
=)
< True or Ambiguous  [True True - -
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Table Al.2 Grating-angle ambiguity in GCLA - Case 1: 6, =10.00°,0, =27.35°and 6; = 35.01°; N =
11 (N, =5N,=7);SNR=10dB; K =200
L. Ambiguity .
Method DOA Estimation Result . DOF Complexity
exists or not
Common angle ~ ~ 2 2
mmonenge 1, e o |8, = 59.20° . O(N,™ + N2 K
pairs in f1(6) and | 8, = 10.00 o | 63 =35.00 Grating- + N;° + N.
Zhou et A = 27.40 . 1 2
212013 £,(6) angle min(N;,N,)| 180°
' T Ambiguity |—1 g My — M)
§ Arueb_or True True True Ambiguous  |exists 180°
2 mbiguous + FNz(Nz - M))
§ Common angle R R O((N,% + N,)K
S pairs s o | 62 Ao o |04 =59.23° . +N,3+N,3
g Sunet lintransformed (%1 = 10007 | 57330 | B3 =35.01 Crating- | in(ny, Ny) | 180°
o |al.2015 domain angle + (N 2/N )
] - -1 1 2
2 Ambiguity 46
= True or True True True Ambiguous  |exists 180° = 2
3 Ambiguous d + =g N27/N)
a Rol 0.8536 0.1266 —0.2236 —0.9031
(Roots of Interest) | —0.5189i | —0.9909i | —0.9734i —0.4272
Zhang et Magnitude of Rol |0.9989 0.9?990 0.9985 2.99_929 s Snrglténg— min(NVy, N,) | O((N.2 + Ny2)K
n o — 2 n — 4 — ' _ 3 3
al. 2017 ] 6, =10.01° | 2735 0 0; = 34.88° Ambiguity 1 + N;” + N,)
. exists
True_or True True True Ambiguous
Ambiguous
Rol 0.8543 0.127 —0.229 —0.9026
(Roots of Interest) | — 0.5188i | — 0.9914i —0.9718i + 0.4268i
Magnitude of Rol 0.9995 0.9995 0.9984 0.9984 ina-
Livetal, — 5 YT Snrglt"ang min(Ny, N;) | O((Ny* + N,)K
) N — 2 n — 4 — . —_ 3 3
2018 6 B;=1001° | 2 oo |63 =35.00° Ambiguity |~ 1 +N;° + N,°)
exists
True_or True True True Ambiguous
Ambiguous
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Table A1.2 (Continued)

Rol 0.8524 0.1254 —0.2308 —0.9041
van et al (Roots of Interest) | — 0.5193i | — 0.9902i — 0.9724i + 0.4258i Grating
2018 Magnitude of Rol |  0.9981 é0.9981 0.9994 > _0.:3934;0 angle min(N,Ny) | O((N, + Ny2)K
0 6, = 10.03° :227 380 0, =35.04° |74~ 27 Amkt)iguity -1 + N2+ N, %)
: exists
True_or True True True Ambiguous
Ambiguous
8 Angles associated
o i i A A _ o s
£ |Zheng et with the highest B, = 9.99° 0, | 8, =35.010 6, = 59.29° |Grating O(N?K + N3
2 |1 o01g |Peaksof = 27.34 angle N—1 o
= ' faas-music(6) Ambiguity + 0 N(N — M))
g True_or True True True Ambiguous exIsts
< Ambiguous
5 Rol 0.8534 0.1269 —0.2304 —0.9035
= (Roots of Interest) | — 0.5182i | — 0.9903i —0.9718i — 0.4258i Grati
3 [Heet Magnitude of Rol | 0.9984 0.9984 0.9987 0.9988 anrgléng' O(N?K + N °
al.2020 R R 7 - g, — 0 - _ + (2N - 1)3)
3 6 g, = 10.03° | % o | 8, =35.030 |9+ =5929% | ambiguity N-1
§= = 27.35 it
= True or . eXIStS
©
2 Ambiguous True True True Ambiguous

Note:

In addition to case 1, all the aforementioned methods for GCLA suffer from the existence of grating-angle ambiguity for any three

angles from the following case 2: {20.00°,38.88°,47.90°,—-76.47°};case 3: {12.37°,30.00°,37.92°, 64.16° } under

N=11 (N;=5N,=7);SNR=10dB; K = 200.
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Table Al.3 Grating-angle ambiguity in UCLA - Case 1. 6; =10.00°,0, =27.35%and 8; = 35.01°; N =
11 (N, =5N,=7);SNR=10dB; K =200
Ambiguity
Method DOA Estimation Result exists or | DOF | Complexity
% not
£ Angl iated
= ngles associa R ] 2 3
£ [Z"eng |ith the highest _ _ _ 9, = 59.26°  |Grating- O(N’K + N
5 etal. | ooaks of 6, = 10.00° 6, =2733° | B, =35.03° angle N 180 NV
& 20182 ®) Ambiguity ¥ =1 T 20
i UCLA—MUSIC- . exists — M)
© True or Ambiguous|True True True Ambiguous
_‘Z’ Rol . 0.1273 —0.229 —0.9028
3 (Roots of Interest) | 8236 = 021801 _9.9903; —0.9721i — 0.427i _
3 He et - Grating-
< 21,2020 Magnitude of Rol 0.9985 0.9984 0.9987 0.9987 angle O(N%K + N3
% . . . R R 6, = 59.24° Ambiguity N-1 + (ZN — 1)3)
< ] 6, = 9.99° 6, =27.34° | 6, =35.00° | * exists
True or Ambiguous|True True True Ambiguous
3 Angles associated
S g - - ) 8, = 59.26°
S to highest peaks of | §; = 10.00° 6, =27.33° | B; =35.03°
€ fucLa-music(6) O(N%K + N3
i) . 180 °
= Yang et 0.4585 Grating- + YT, N(N
=4 al.2019 |Pczr (normalized) 0.9415 0.7778 0.1672 angle N-1) M) +JN?)
I= Ambiguity
5 — — — — resolved
1= ] 6, = 10.00° 0, =27.33° | 63 =35.03° -
©
@ True or Ambiguous|True True True -
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Table Al.3 (Continued)

Huang
et
al.2021

Rol | 01273 —0.229 —0.9028
(Roots of Interest) | 8236 031801 _.9903; —0.9721i — 0.427i
Magnitude of Rol 0.9985 0.9984 0.9987 0.9987
~ ~ ~ ~ 6, = 59.24°
0 6, = 9.99° 6, =2734° | 6, =35.00° | *
0.5088
P.pr (normalized) 0.9435 0.9123 0.1785
0 0; = 9.99° 0, =27.34° | B3 = 35.00° -
True or Ambiguous|True True True -

Grating-
angle
Ambiguity
resolved

O(N?K + N3
+ (2N —1)3
+JN?)

Note:

In addition to case 1, the aforementioned methods for UCLA exhibit a similar performance for any three angles from the

following case 2: {20.00°,38.88°,47.90°,—76.47°};case 3: {12.37°,30.00°,37.92°, 64.16° }under N =11 (N, =
5,N, =7);SNR =10dB; K = 200.

ANNA UNIVERSITY, CHENMNATI - 600 023

0ct



Table Al.4 Grating-angle ambiguity in UCLA under closely distributed sources - Case 1: 6, =10.00°,0, =
27.35°, ; =35.01°, 0, =57°, 6 =62°;N=11 (N;=5N,=7);SNR=10dB; K = 200

Beamforming-like methods

Ambiguity
Method DOA Estimation Result existsor | DOF | Complexity
not
Angles associated
to highest peaks of | o | oA . |03 R ola o 1 96 O(N*K
fucra-music(©) 6, = 10.00 0, = 27.35 = 35.01° 0, = 57° |05 = 62° | _ 59.25° + 11\{[;) 0
Grating-
N(N
Yang et — : angle N-1 * 46 (
al.2019 |Pcpr (normalized)|0.6805 0.8611 0.4930 |0.5277 |0.4444 |0.5486 Ambiguity — M) +JN?)
) ) o ) o 53 ) o 95 not
7] 91 = 10.00 92 = 27.35 = 35.01° 94, =57 - = 59,250 resolved
True or Ambiguous [True True True True - Ambiguous
Rol . |—0.2293 |—-0.8719 |—0.9317 |—-0.9017
(Roots of Interest) |0-0o0 — 0-21741)0.1266=09912)_ 4 9704\ 0.4867i| 0.3592i| — 0.4258:
Magnitude of Rol {0.9983 0.9993 0.9971  ]0.9985 |0.9985 [0.9972
~ ~ ~ = Grating-
Huang R R R 0 0 0 ) 2 3
et 0 61=9.98° | 0,=27.35° |35 10| 57920 |= 61.99° | = 59.260 |29 oK+ N,
212021 = 9. =7 = ol = 0% Ambiguity | N —1 |t (ZQV -1
P.pr (normalized)|0.7905 0.6512 0.5390 |0.4727 [0.3414 |0.6686 | +INT)
— ~ ~ resolved
. - A 05 0, B¢
0 01 =998 | 0,=2735 | '35010(=57920| ~ |=59.26°
True or Ambiguous [True True True True - Ambiguous
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Table A 1.5 Grating-angle ambiguity in UCLA under closely distributed sources - Case 2: 8; =12.37°,0, =

28.00°, 6; = 32.00°, 6, =37.92°, 8; =64.16°; N=11 (N;,=5N,=7) ; SNR =10dB;
K =200
Ambiguity
Method DOA Estimation Result exists or | DOF | Complexity
not
Angles associated
with the highest ~ ~ ~ ~
A A 0 0 0 0 O(N?K + N3
eaks of = 0 = o |3 4 5 6
3 5’@ ®) 0, =1247" | 0, = 28.027 | _ 32.00° |=37.91° |= 64.00° | = 30.00° |Grating- 180°
g Yang et |/ veLa-Music angle N1 + 10 N(N
@ — iaui - _ 2
E al.2019 15— ormalized)]  0.8369 0.7515 | 0.5277 | 0.8999 | 0.8281 | 0.7212 nAOTb'g”'ty M) +JN%)
i, R R R 7 6 0
= _ 0 — o - 4 5 6 resolved
> 0 0, =12467 | 0, = 28.01 = 37.81° |= 63.99° | = 30.00°
= True or Ambiguous |True True - True True Ambiguous
5 Rol 0.7782 0.0947 —0.0933 |—-0.3478 |—0.9446 | 0.0082
IS (Roots of Interest) — 0.6266i —0.9937i |—0.9899i|— 0.9368i|— 0.3134i| — 0.9981
S Magnitude of Rol 0.9991 0.9982 0.9943 | 0.9993 | 0.9952 | 0.9981 |Grating-
@ Huang 3 3 3 A g
ot 5 0. = 1246° | 8. = 28.01° |93 0, 0 0, angle O(N?K + N3
al 2021 L ' 2 ' = 32.00° |=37.81° |= 63.99° | = 30.00° |Ambiguity [N —1| + (2N —1)3
' Pcpr (normalized)| 0.9739 0.8155 0.5772 | 0.9991 | 0.8821 | 0.6121 |not +JN?)
~ ~ ola o 0, 05 0, resolved
0 0, = 12467 | 0, = 28.01 ] = 37.81° |= 63.99° | = 30.00°
True or Ambiguous |True True - True True Ambiguous

Note : In addition to case 1 and case 2, the aforementioned methods for UCLA exhibit a similar performance for the following M = 6 case
3:0, =10.00°,0, =27.35°, 63 =35.01°, 60, =39.11°, 05 =57°, 65 =62°under N =11 (N; =5,N, =7); SNR
=10dB; K = 200.
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